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1. Introduction 

These notes represent a much expanded and updated version of the "mini course" 
that the author gave at the ETH (Ziirich) and the University of Ziirich in February 
of 1995. The purpose of these notes is to first provide some basic background 
to Riemannian geometry and stochastic calculus on manifolds and then to cover 
some of the more recent developments pertaining to analysis on "curved Wiener 
spaces." Essentially no differential geometry is assumed. However, it is assumed 
that the reader is comfortable with stochastic calculus and differential equations 
on Euclidean spaces. Here is a brief description of what will be covered in the text 
below. 

Section [5] is a basic introduction to differential geometry through imbedded sub- 
manifolds. Sectional is an introduction to the Riemannian geometry that will be 
needed in the sequel. Section ^ records a number of results pertaining to flows of 
vector fields and "Cartan's rolling map." The stochastic version of these results 
will be important tools in the sequel. Section [S] is a rapid introduction to stochas- 
tic calculus on manifolds and related geometric constructions. Section |H| briefly 
gives applications of stochastic calculus on manifolds to representation formulas for 
derivatives of heat kernels. Section|Z|is devoted to the study of the calculus and in- 
tegral geometry associated with the path space of a Riemannian manifold equipped 
with "Wiener measure." In particular, quasi-invariance, Poincare and logarithmic 
Sobolev inequalities are developed for the Wiener measure on path spaces in this 
section. Section [S] is a short introduction to Malliavin's probabilistic methods for 

This research was partially supported by NSF Grants DMS 96-12651, DMS 99-71036 and DMS 
0202939. This article will appear in "Real and Stochastic Analysis: New Perspectives." 
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dealing with hypoelliptic diffusions. The appendix in section records some basic 
martingale and stochastic differential equation estimates which are mostly used in 
section IHl 

Although the majority of these notes form a survey of known results, many proofs 
have been cleaned up and some proofs are new. Moreover, Section [S] is written 
using the geometric language introduced in these notes which is not completely 
standard in the literature. I have also tried (without complete success) to give an 
overview of many of the major techniques which have been used to date in this 
subject. Although numerous references are given to the literature, the list is far 
from complete. I apologize in advance to anyone who feels cheated by not being 
included in the references. However, I do hope the list of references is sufficiently 
rich that the interested reader will be able to find additional information by looking 
at the related articles and the references that they contain. 

Acknowledgement: It is pleasure to thank Professor A. Sznitman and the ETH 
for their hospitality and support and the opportunity to give the talks which started 
these notes. I also would like to thank Professor E. Bolthausen for his hospitality 
and his role in arranging the first lecture to be held at University of Ziirich. 

2. Manifold Primer 

Conventions: 

(1) If A, B are linear operators on some vector space, then \A, B] :— AB — BA 
is the commutator of A and B. 

(2) If X is a topological space we will write A iZo X, A ^ X and A CIZ X to 
mean A is an open, closed, and respectively a compact subset of X. 

(3) Given two sets A and the notation f : A ^ B will mean that / is 
a function from a subset f (/) C A to B. (We will allow !'(/) to be the 
empty set.) The set !>(/) C A is called the domain of / and the subset 
7^(/) := f{V{f)) C B is called the range of /. If / is injective, let /"^ : 
B ^ A denote the inverse function with domain 'D{f~^) = TZ{f) and range 
7^(/-l) = V{f). If / : A ^ B and 5 : B -> C, then go f denotes the 
composite function from A to C with domain 'D{g o /) :— f~-^{'D{g)) and 
range 7^(g o /) := g o /(P(g o /)) = g(7^(/) n V{g)). 

Notation 2.1. Throughout these notes, let E and V denote finite dimensional 
vector spaces. A function F : E V is said to be smooth if ^{F) is open in 
E (V{F) = is allowed) and F : 'D{F) ^ V is infinitely differentiable. Given a 
smooth function F : ^ V, let F'{x) denote the differential of at x G 'D{F). 
Explicitly, F'{x) — DF (x) denotes the linear map from E to V determined by 

(2.1) DF (x) a = F'{x)a := ^\oFix + ta)y aeE. 
We also let 

(2.2) F" {x) (v, w) = F" (x) {v, w) := {d,,d^F) (x) = ^Ao^\oF {x + tv + sw) . 

at as 

2.1. Imbedded Submanifolds. Rather than describe the most abstract setting 
for Riemannian geometry, for simplicity we choose to restrict our attention to 
imbedded submanifolds of a Euclidean space E = M.^ . ^ We will equip with the 



Because of the Whitney imbedding theorem (see for example Theorem 6-3 in Auslander and 
MacKenzie this is actually not a restriction. 
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standard inner product, 

iV 

(a, h) = (a, 6)Riv := ^ aih. 

i=l 

In general, we will denote inner products in these notes by (•,•). 

Definition 2.2. A subset M of E (see Figure^ is a d — dimensional imbedded 

submanifold (without boundary) of E iff for all m E M, there is a function 
z: E such that: 

(1) T^lz) is an open neighborhood of E containing m, 

(2) TZ{z) is an open subset of R^, 

(3) z : Viz) TZ{z) is a diffeomorphism (a smooth invertible map with smooth 
inverse), and 

(4) z{M n V{z)) = 7^(z) n {W^ x {O}) C R^. 

(We write M"^ if we wish to emphasize that AI is a d - dimensional manifold.) 




Figure 1. An imbedded one dimensional submanifold in M^. 



Notation 2.3. Given an imbedded submanifold and diffeomorphism z as in the 
above definition, we will write z — (z<,z>) where 2;< is the first d components 
of z and z> consists of the last N ~ d components of z. Also let x : M ~* W'- 
denote the function defined by I'(x) :— M n ^{z) and x :— z^\xi[x)- Notice that 
TZ{x) :— x{'D{x)) is an open subset of M'' and that x~^ : TZ{x) — > I?(a;), thought 
of as a function taking values in E, is smooth. The bijection x : I?(a;) TZ{x) is 
called a chart on M. Let A = A{M) denote the collection of charts on M. The 
collection of charts A = A{M) is often referred to as an atlas for M. 

Remark 2.4. The imbedded submanifold M is made into a topological space us- 
ing the induced topology from E. With this topology, each chart x G A{M) is a 
homeomorphism from ^{x) Co M to Tl{x) Co R'^- 

Theorem 2.5 (A Basic Construction of Manifolds). Let F : E R^-"^ be a 
smooth function and M := F^^{{0}) C E which we assume to be non-empty. 
Suppose that F'{m) : E is surjective for all m € M. Then M is a d - 

dimensional imbedded submanifold of E. 
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Proof. Let 771 G M, we will begin by constructing a smooth function G : E ^ M."^ 
such that (G,F)'(m) : E ^ ^ M."^ x R^-'^ is invertible. To do this, let 
X = Nu1(F'(to)) and F be a complementary subspace so that E = X Q) Y and 
let P : £' ^ X be the associated projection map, see Figure |21 Notice that 
F'{m) : Y R^"'' is a linear isomorphism of vector spaces and hence 

dim(X) = Ami{E) - dim(y) = N - {N - d) = d. 

In particular, X and R'' are isomorphic as vector spaces. Set G{m) = APm where 
A : X ^ is an arbitrary but fixed linear isomorphism of vector spaces. Then 
for X <E X and y G F, 

(G, Fy{m){x + y)^ [C {m){x + y),F'{m){x + y)) 

= {AP{x + y), F'{m)y) = [Ax, F'{m)y) eR"^ x R^-'^ 

from which it follows that [G,Fy{m) is an isomorphism. 




Figure 2. Constructing charts for M using the inverse function 
theorem. For simplicity of the drawing, to G Af is assumed to be 
the origin oi E = X ®Y. 



By the inverse function theorem, there exists a neighborhood U do E of m 
such that V := (G,F)(C/) Co and {G, F) : U ^ V is a diffeoniorphism. Let 
z = (G, F) with = U and Ti{z) = V. Then z is a chart of E about to satisfying 
the conditions of Definition 12.21 Indeed, items 1) - 3) are clear by construction. If 
pe MnViz) thenz(p) = {Gip),F{p)) ^ (G(p),0) G 7^(z)n (K'^ x {0}). Conversely, 
if p G V{z) is a point such that z{p) = {G{p),F{p)) G 7^(z) n {R'^ x {0}), then 
F{p) — and hence p G M D 'D{z)\ so item 4) of Definition 12. 21 is verified. ■ 

Example 2.6. Let gl{n,R) denote the set of all n x n real matrices. The following 
are examples of imbedded submanifolds. 

(1) Any open subset M oi E. 

(2) The graph, 

r(/) {{xj{x)) eR'^x R^-''- : X eV{f)} cVif) X R^-''- c R^, 

of any smooth function / : R'' ^ R^^'' as can be seen by applying Theorem 
12.51 with F {x, y) ■= y — f (x) . In this case it would be a good idea for 
the reader to produce an explicit chart z as in Definition 12.21 such that 
V{z) ^n{z) = !?(/) X R^-"*. 
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(3) The unit sphere, ^ := {x e : {x,x)^n — 1}, as is seen by applying 
Theorem EHl with E and F{x) := (a;, j;)rjv — 1. Alternatively, express 
S^'^ locally as the graph of smooth functions and then use item 2. 

(4) GL{n,R) ;= {g G gl{n,R)\ det(g) 7^ 0}, see item 1. 

(5) SL{n,R) := {g e gl{n,R)\det{g) = 1} as is seen by taking E ^ gl{n,R) 
and F{g) :— det{g) and then applying Theorem 12 . 51 with the aid of Lemma 
O below. 

(6) 0{n) {g E gl{n,M.)\g^'^g = 1} where g*' denotes the transpose of 5. In 
this case take F{g) := g^^g — I thought of as a function from E = gl{n, M) 
to iS(n), where 

S{n) {Ae gl{n,R) : A''' ^ A} 
is the subspace of symmetric matrices. To show F'{g) is surjective, show 
F'{g){gB) = 3 + 3'" for aU g G 0{n) and B G gl{n,R). 

(7) SO{n) := {g e 0{n)\ det{g) = 1}, an open subset of 0{n). 

(8) M X N C E X V, where M and N are imbedded submanifolds of E and 
V respectively. The reader should verify this by constructing appropriate 
charts for x by taking "tensor" products of the charts for E and V 
associated to M and N respectively. 

(9) The n - dimensional torus, 

T" := {z e C" : \z,\ = 1 for i = 1, 2, . . . , n} {S^y\ 

where z = (21,..., z„) and \zi\ = ^ zizi. This follows by induction us- 
ing items 3. and 8. Alternatively apply Theorem 12.51 with F (z) := 

(|zi|2-l,...,|z„|2-l). 

Lemma 2.7. Suppose g G GL{n,M.) and A E gl{n,R), then 
(2.3) det'(5)A = det(g)tr(5-M). 

Proof. By definition we have 

det '{g)A= ^\odet{g + tA) ^detig)^\odet{I + tg-^A). 
at at 

So it suffices to prove ^|odet(/ + tB) — tr(i3) for all matrices B. If B is upper 
triangular, then det(/ + tB) — nr=i(l + ^^m) a-nd hence by the product rule, 

d " 

-\odet{I + tB) = Y,Bu^tT{B). 

i—l 

This completes the proof because; 1) every matrix can be put into upper triangular 
form by a similarity transformation, and 2) "det" and "tr" are invariant under 
similarity transformations. ■ 

Definition 2.8. Let E and V be two finite dimensional vector spaces and M'^ C E 
and N'' C F be two imbedded submanifolds. A function f : M N is said to be 
smooth if for all charts x E A{M) and y E A{N) the function yo fox^^ : R'' ^ R'^ 
is smooth. 

Exercise 2.9. Let M'^ C E and N'^ C F be two imbedded submanifolds as in 
Definition inn 
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(1) Show that a function / : M*^ ^ Ad is smooth iff / is smooth when thought 
of as a function from M*^ to i?. 

(2) If F : E isa smooth function such that F{MnV{F)) C N, show that 
/ F\m : M ^ N is smooth. 

(3) Show the composition of smooth maps between imbedded submanifolds is 
smooth. 

Proposition 2.10. Assuming the notation in Definition \2.8i a function f : M ^ 
N is smooth iff there is a smooth function F : E V such that f — F\m- 

Proof. (Sketch.) Suppose that / : M — > iV is smooth, m E M and n — f{m). 
Let z be as in Definition 12.21 and w be a chart on N such that n G 'D{w). By 
shrinking the domain of z if necessary, we may assume that TZ{z) — U x W where 
U Co M'' and W Co K^"'' in which case z{M r]V{z)) = J7 x {0} . For ^ e V{z), let 
:= f{z-^{z<{^),0)) with z = (z<,z>) as in NotationO Then F : V{z) -> N 
is a smooth function such that -F|MnX'(2) = flMnviz)- The function F is smooth. 
Indeed, letting x = z<|x,(^)nM, 

w<oF = w<o /(z-i(z<(e), 0)) = «;< o / o o (z<(-),0) 

which, being the composition of the smooth maps w< o f ox~^ (smooth by assump- 
tion) and ^ (0<(^),O), is smooth as well. Hence by definition, F is smooth as 
claimed. Using a standard partition of unity argument (which we omit), it is pos- 
sible to piece this local argument together to construct a globally defined smooth 
function F : E ^ V such that f = F\m- ■ 

Definition 2.11. A function f : M ^ is a diffeomorphism if / is smooth and 
has a smooth inverse. The set of diffeomorphisms / : Af — > M is a group under 
composition which will be denoted by Diff(M). 

2.2. Tangent Planes and Spaces. 

Definition 2.12. Given an imbedded submanifold M C E and m e M, let TmM C 

E denote the collection of all vectors v G E such there exists a smooth path a : 
(— e,e) M with cr(0) — m and v = ^|o<t(s). The subset TmM is called the 
tangent plane to M at m and v G r^M is called a tangent vector, see Figure 

m 




Figure 3. Tangent plane, TmM, to M at m and a vector, v, in TmM. 
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Theorem 2.13. For each m £ M, TmM is a d - dimensional subspace of E. If 
z : E ~* is as in Definition \2.S\ then TmM = N\i\{z'y{m)). If x is a chart on 
M such that m G 'D{x), then 

{-^lox^Hxim) + se,)}ti 
is a basis for TmM, where {ei}f^^ is the standard basis for W^. 

Proof. Let a : (— e, e) M be a smooth path with a{0) = in and v = -j^\o<^{s) 
and z be a chart (for E) around m as in Definition 12.21 such that x — z^. Then 
z>((t(s)) = for all s and therefore, 



= -^\oZy{a{s)) = z'y{m)v 



which shows that v e Nul(z^(m)), i.e. TmM C Nul(z^^ (to)). 

Conversely, suppose that v S Nul(zJ^(m)). Let w = z'^{rn)v E M'* and a{s) := 
x~^{z<:(m)+sw) e A/ - defined for s near 0. Differentiating the identity z^^oz — id 
at m shows 

(z-i)'(z(m))z'(TO) =/. 

Therefore, 

''"'(0) = -r\ax'^ iz<im) + sw) ~ -^\oz~^{z^{m) + sw, 0) 
ds ds 

= (z-i)'((z<(m),0))(z^(m)«,0) 

= {z^^y i{z<im),0)){z'^{m)v,z'^{m)v) 

= (z^"'") (z{m))z' {m)v — V, 

and so by definition v = cr'(O) G TmM. We have now shown Nu1(z^^(to)) C TmM 
which completes the proof that TmM = Nu1(z!^(to)). 

Since z'^ (to) : TmM is a linear isomorphism, the above argument also 

shows 

— |oa;~"^(x(m) + sw) — {z'^{m)\T^M) ^ w G TmM V w G M''. 
In particular it follows that 

{^|oa;"^(a;(TO) +se,)}ti = {«(m)|r„M)"^ ejti 

is a basis for TmM, see Figure 0] below. ■ 
The following proposition is an easy consequence of Theorem 12.1 31 and the proof 
of Theorem ESI 

Proposition 2.14. Suppose that M is an imbedded submanifold constructed as in 
Theorem\EM Then TmM = Nu1(F'(to)) . 

Exercise 2.15. Show: 

(1) TmM = E,ii M is an open subset of E. 

(2) TgGL{n,R) = gl{n,R), for aU g G GL{n,^). 

(3) TmS^-^ = {to}-L for aU to G S^-\ 
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(4) Let sl{n,M.) be the traceless matrices, 

(2.4) sl{n,m.) {A e gl{n,K.)\ tr(A) = 0}. 
Then 

TgSL{n,m.) = {Ae gl{n,R)\g-'^A e sZ(n,R)} 

and in particular TiSL{n,M.) = sl{n,M.). 

(5) Let so (n, R) be the skew symmetric matrices, 

so{n,R) := {A € gl{n,R)\A ^ -A^'}. 

Then 

TgO{n) =^{Ae gl{n,M.)\g-'^A e so{n,R)} 

and in particular tjO (n) — so (n, R) . Hint: g^^ ~ 5*'' for all g E 0{n). 

(6) If M C E and N <zV are imbedded submanifolds then 

T(„i,n){M X N) = TmM X T„iV <Z E X V. 

It is quite possible that t^M = Tm'M for some m ^ m', with m and m' in M 
(think of the sphere). Because of this, it is helpful to label each of the tangent 
planes with their base point. 

Definition 2.16. The tangent space (T^Af) to M at m is given by 

TmM := {m} x TmM C M x E. 

Let 

TM UmeAiTmM, 

and call TM the tangent space (or tangent bundle) of M. A tangent vector 

is a point Vm '■= {ni, v) e TM and we let tt : TM M denote the canonical 
projection defined by n{vm) = m. Each tangent space is made into a vector 
space with the vector space operations being defined by: c{vm) ■= (cf)m and 

Vm + Wm ■= {V + W)m. 

Exercise 2.17. Prove that TM is an imbedded submanifold oi E x E. Hint: 
suppose that z : E R^ is a function as in the Definition 12.21 Define 'D{Z) :— 
V{z) x E and Z : V{Z) ^ x by Z(x, a) := {z{x), z'{x)a). Use Z's of this 
type to check TM satisfies Definition 12. 21 

Notation 2.18. In the sequel, given a smooth path a : (— e, e) M, we will abuse 
notation and write a' (0) for either 

^locr(s) e T-^(O)^ 

or for 

(a(0), ^Io^t(s)) e r,(o)M = {a(0)} X r„(o)M. 

Also given a chart x = (a;^,a;^, . . . ^x'^) on A/ and m S 2?(x), let d/dx^\m denote 
the element T„M determined by d/dx^\m = o''(0), where cr(s) := a;~-^(x(m) +sej), 
i.e. 

d d 

(2.5) = (to, ^|oa:"^(2;(TO) + SCi)), 

see Figure 0] 
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The reason for the strange notation in Eq. H2.5I) will be explained after Notation 
12.201 By definition, every element of T^M is of the form a' (0) where cr is a smooth 
path into M such that cr (0) = m. Moreover by Theorem 12.131 {9/i9a;*|m}iLi is a 
basis for T^M. 

Definition 2.19. Suppose that / : M — * is a smooth function, m e and 
vm e TmM. Write 

as 

where a is any smooth path in M such that a' (0) = Vm ■ The function dj : TM — > V 
will be called the differential of /. 

Notation 2.20. If M and N are two manifolds f : M -k N ^ V is a. smooth 
function, we will write duf {■in) to indicate that we are computing the differential 
of the function m E M ^ fini, n) E V for fixed n E N. 

To understand the notation in 1)2. 5|l . suppose that f = F o x = F{x^,x'^, . . . ^x'^) 
where F : R'' — > R is a smooth function and x is a chart on M. Then 

:= / = (D,F){x{m)), 

where Di denotes the i^^ - partial derivative of F. Also notice that dx^ |m) — 

so that {rfa;'|T„M}^_^ is the dual basis of {9/9a::'|m}f^i and therefore if Vm G TmM 
then 

d 

(2.6) Vm = ^dx' {vm)-Q — \-m- 

i—l 

This explicitly exhibits first order differential operator acting on "germs" 

of smooth functions defined near m E M. 

Remark 2.21 (Product Rule). Suppose that f : M ^ V and g : M ^ End(y) are 
smooth functions, then 

Vniigf) = ^lo [5'(CT(s))/(cr(s))] = v^g ' /(m) + g{m)vmf 
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or equivalently 

d{gf){vm) = dg{vm)f{m)+g{m)df{vm)- 
This last equation will be abbreviated as d{gf) ~ dg ■ f + gdf. 

Definition 2.22. Let / : i\/ ^ be a smooth map of imbedded submanifolds. 
Define the differential, of / by 

/*i^,n-(/oa)'(o)Gr/(,„)iv, 

where = cr'(O) G T^M, and m e !?(/). 




/*k,„=(/oct)'(Ci) 



Figure 5. The differential of /. 



Lemma 2.23. The differentials defined in Definitions \2.1fA and \2.S^ are well de- 
fined linear maps on T^M for each m G ^?(/)- 

Proof. I will only prove that /* is well defined, since the case of df is similar. 
By Proposition 12. fU| there is a smooth function F : E ^ V, such that / = F\m- 
Therefore by the chain rule 



ds 



= [F'{r 



(2.7) /*«™ - (/o(7)'(0) := 

where cr is a smooth path in AI such that ^'(O) = Vm- It follows from H2.7|l that 
f^Vm does not depend on the choice of the path a. It is also clear from ()2.7|l . that 
f^ is linear on TmM. ■ 

Remark 2.24. Suppose that F : E ^ V \s a. smooth function and that / :— F\m- 
Then as in the proof of Lemma [2. 231 

(2.8) df{v„,)^F'{m)v 

for all Vm G T^M, and m G 2?(/)- Incidentally, since the left hand sides of (|2.7|) 
and (|2.8|l are defined "intrinsically," the right members of (|2.7|) and (|2.8f) are inde- 
pendent of the possible choices of functions F which extend /. 

Lemma 2.25 (Chain Rules). Suppose that M, N, and P are imbedded submanifolds 
and V is a finite dimensional vector space. Let f : M N, g : N ^ P, and 
h : N V be smooth functions. Then: 



(2.9) 



(g O f)*Vm = g* {f*Vm), V Um G TM 
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and 

(2.10) d{h O = dh{f.,Vra), V Vm G TM. 

These equations will he written more concisely as {go f)* — g*f* and d{hof) — dhf^, 
respectively. 

Proof. Let u be a smooth path in M such that = cr'(O). Then, see Figure 
(<? o f),v,n ■■= (.90/0 a)'(O) = .g4/ o a)'(O) 
= 5*/*(t'(0) = g^f^Vm- 

Similarly, 

d{h o f){v^) := -^|o(/i o / o a){s) = dh{{f o a)'(O)) 
ds 

= dhif.a'iO)) = dh{Uv„,). 




Figure 6. The chain rule. 



li f : M ^ V \s & smooth function, x is a chart on A/, and m e !'(/) H 2?(a;), 
we will write d f{m) / dx^ for d/ (9/9a;%m) . Combining this notation with Eq. H2.6|l 
leads to the pleasing formula, 

(2.11) df = j2 ^.dx\ 

by which we mean 

4f(t'm)=E^i^'^^'("")- 
i—l 

Suppose that / : M'^ is a smooth map of imbedded submanifolds, m £ M, 

a; is a chart on M such that m G ^{x), and y is a chart on N such that /(to) G 2?(y). 
Then the matrix of 

f*7n /*|t^a/ : T„iAI Tj:(^^^N 
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relative to the bases {d / dx^\m}i^i of TmM and {d / dy^\f{^rn)}'j=i of Tf{^m)N is 
{d{y^ o J){m)/dx^). Indeed, if Vm = Y.'i=i v''d/dx''\m, then 

k 

i=i 

k 

= Y,d{y' o f){vrn)d/dy^\f(^) (by Eq. mUJ) 

i=i 

d 

= 1111 . (by Eq. JHU) 

i=i i=l ^ 

J=l i=l 

Example 2.26. Let M = 0{n), k e 0(n), and f : 0{n) ^ 0{n) be defined by 
f{g) :— kg. Then / is a smooth function on 0{n) because it is the restriction of a 
smooth function on gl{n,M.). Given Ag E TgO{n), by Eq. p.7|l . 

fUg = ikg,kA) = ikA)kg 

(In the future we denote / by L^, is left translation by fc £ 0{n).) 

Definition 2.27. A Lie group is a manifold, G, which is also a group such that the 
group operations are smooth functions. The tangent space, g :— Lie (G) :— Tf,G, 
to G at the identity e G G is called the Lie algebra of G. 

Exercise 2.28. Verify that GL{n, K), SL{n, K), 0(n), SO{n) and T" (see Example 
12.61) are all Lie groups and 

Lie (GL(n,R)) = gl{n,R), 
Lie(S'L(n,R))) = sl{n,R) 

Lie (0(n))) = Lie(S'0(n))) = so(n,R) and 
Lie(r")) ^ («)" C C". 
See Exercise 12. 151 for the notation being used here. 

Exercise 2.29 (Continuation of Exercise 12. 17|l . Show for each chart x on AI that 
the function 

is a chart on TM. Note that X'((/)) U^gpCx)?"™^- 

The following lemma gives an important example of a smooth function on M 
which will be needed when we consider M as a "Riemannian manifold." 

Lemma 2.30. Suppose that {E, (•, •)) is an inner product space and the M <Z E 
is an imbedded submanifold. For each m G M, let P(rn) denote the orthogonal 
projection of E onto t^M and Q(rn) := I — P{m) denote the orthogonal projection 
onto TmM-^ . Then P and Q are smooth functions from M to gl{E), where gl{E) 
denotes the vector space of linear maps from E to E. 



CURVED WIENER SPACE ANALYSIS 



13 



Proof. Let z : E ^ be as in Defimtion l2.2l To simplify notation, let F{p) :— 
zy{p) for allp e V{z), so that r^A/ = Nul (-F'(m)) for m e V{x) = V{z)r\M. Since 
F' {m) : E M.^^'^ is surjective, an elementary exercise in linear algebra shows 

(F'(m)F'(m)*) : R^"'' ^ R^"'' 

is invertible for all m (E The orthogonal projection Q (m) may be expressed 

as; 

(2.12) Q(m) = F'{my{F'{m)F'{m)*)-^F'{m). 

Since being invertible is an open condition, {F' {■)F' {■)*) is invertible in an open 
neighborhood M C E oi ^{x). Hence Q has a smooth extension Q to Af given by 

Qix) := F'{xY{F'{x)F'{xy)-^F'{x). 

Since Q\ti(x) = Q\'D{x) ^^id Q is smooth on A/", Q\ti(x) is also smooth. Since z as 
in Definition 12.21 was arbitrary and smoothness is a local property, it follows that 
Q is smooth on M. Clearly, P := / — Q is also a smooth function on M. ■ 

Definition 2.31. A local vector field Y on M is a smooth function Y : M ^ TM 
such that Y{m) £ TmM for all m G I'(y), where is assumed to be an open 

subset of M. Let r(TM) denote the collection of globally defined (i.e. I?(r) = M) 
smooth vector-fields Y on M. 

Note that d/dx^ are local vector-fields on M for each chart x G A{M) and 
i = 1,2, . . . ,d. The next exercise asserts that these vector fields are smooth. 

Exercise 2.32. Let F be a vector field on M, x G A{M) be a chart on M and 
Y' dxHY). Then 

d 

Y{m) Y' (m) 9/aa;*U ^ m e V (x) , 

i=l 

which we abbreviate as F = X^iLi Y^d/dx"^. Show the condition that Y is smooth 
translates into the statement that each of the functions is smooth. 

Exercise 2.33. Let Y : M ^ TM, be a vector field. Then 

Y{m) = {■m,y{m)) = y{Tn)„r 

for some function y : M ^ E such that y(m) e t„iM for all m £ 2?(F) = I?(y). 
Show that Y is smooth iff y : Af ^ i? is smooth. 

Example 2.34. Let M = SL{n,M) and A € sl{n,R) = TiSL{n,R), i.e. A is a 
nx n real matrix such that tr (A) = 0. Then A{g) :— Lg^,Ae = {g, gA) for g G M is 
a smooth vector field on M. 

Example 2.35. Keep the notation of Lemma r2.30l Let y : Af — > £' be any smooth 
function. Then y(rn) := (m, P{m)y{ni)) for all m G Af is a smooth vector-field on 
Af. 

Definition 2.36. Given Y e r(rAf ) and / S C°°(Af ), let Yf e C°°(Af ) be defined 
by {YJ){m) := d/(r(m)), for aU m g X>(/) n V{Y). In this way the vector-field Y 
may be viewed as a first order differential operator on C°°{M). 
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Notation 2.37. The Lie bracket of two smooth vector fields, Y and W, on M is 
the vector field [Y, W] which acts on C°°(M) by the formula 

(2.13) [Y, W]f Y{Wf) - W{Yf), V / G C°°(M). 

(In general one might suspect that [Y, W] is a second order differential operator, 
however this is not the case, see Exercise 12. 381 ') Sometimes it will be convenient to 
write LyW for [Y,W]. 

Exercise 2.38. Show that [Y, W] is again a first order differential operator on 
C°°{M) coming from a vector-field. In particular, if a; is a chart on M, Y = 
Eti Y'd/dx' and W = Xlti W'd/dx\ then on V{x), 

d 

(2.14) [Y, W] = Y^{YW' - WY')d/dx\ 

i=l 

Proposition 2.39. IfY{m) — {m,y(m)) andW{m) — {■m,w{m)) andy,w : M ^ 
E are smooth functions such that y{m), w{m) G TmM, then we may express the Lie 
bracket, \Y,W]{m), as 

(2.15) [Y,W]{m) = {m,{Yw-Wy){m)) = (m,dw{Y{m)) - dy{W{m))). 

Proof. Let / be a smooth function M which we may take, by Proposition l2.1UI 
to be the restriction of a smooth function on E. Similarly we we may assume that 
y and w are smooth functions on E such that y(m),'w{ni) G t^M for all m € M. 
Then 

{YW ~ WY)f - Y [f'w] - W [f'y] 

= f'iy, w) - f'iw, y) + /' {Yw) - f {Wy) 

(2.16) = /' {Yw ~ Wy) 

wherein the last equality we have use the fact that mixed partial derivatives com- 
mute to conclude 

/"(«, v) - !"(v, u) (dA - d^du) f = Oyu,veE. 

Taking / = z> in Eq. (|2.1t)|l with z — (z<, z>) being a chart on E as in Definition 
12.21 shows 

= {YW - WY)zy (m) z'^ {dw{Y{m)) - dy{W{m))) 
and thus (m, dw{Y{m)) ~ dy{W {m))) G T^M. With this observation, we then have 

/' {Yw ~ Wy) = df {{m, dw{Y{m)) - dy{W{m)))) 
which combined with Eq. (|2.1()l) verifies Eq. 12.1511 . ■ 

Exercise 2.40. Let M = 5i(n,R) and A,B & sl{n,M.) and A and B be the 
associated left invariant vector fields on M as introduced in Example 12.341 Show 



A,B 



= [A, B] where [A, B] := AB — BA is the matrix commutator of A and B. 



2.3. More References. The reader wishing to learn about manifolds is referred 
to P El 113 El Ea El inni Cni 11121 CSl im ens ■ The texts by Kobayashl and 
Nomizu are very thorough while the books by Klingenberg give an idea of why 
differential geometers are interested in loop spaces. There is a vast literature on 
Lie groups and there representations. Here are just two books which I have found 
very useful, pi[T7S|. 
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3. RiEMANNIAN GEOMETRY PRIMER 

This section introduces the following objects: 1) Riemannian metrics, 2) Rie- 
mannian volume forms, 3) gradients, 4) divergences, 5) Laplacians, 6) covariant 
derivatives, 7) parallel translations, and 8) curvatures. 

3.1. Riemannian Metrics. 

Definition 3.1. A Riemannian metric, (•, ) (also denoted by g), on M is a 

smoothly varying choice of inner product, gm — •)m, on each of the tangent spaces 
TmM, m e M. The smoothness condition is the requirement that the function 
m € M ^ {X{m),Y{m))„i G K is smooth for all smooth vector fields X and Y on 
M. 

It is customary to write ds^ for the function on TM defined by 

(3.1) ds'^{v,n) := {Vm,Vm)ni = gm {Vm,V„i) . 

By polarization, the Riemannian metric (•, •) is uniquely determined by the function 
ds^. Given a chart x on M and v £ TmM, by Eqs. H3.1() and 12. 6() we have 

d 

(3.2) ds^Vrn)= J2{d/dx'\^,d/dx^ 

We will abbreviate this equation in the future by writing 

d 

(3.3) ds^ = g^jdx'dx^ 
where 

glj{m) {d/dx'\m,d/dx^,n)m = g {d/dx'\,n,d/dx^m) ■ 
Typically g'f j will be abbreviated by gij if no confusion is likely to arise. 

Example 3.2. Let M = and let x ~ (x^, x^, . . . , a;^) denote the standard 
chart on M, i.e. x{m) = m for all m € M. The standard Riemannian metric on 
is determined by 

N N 

ds^ = ^(da;*)2 ^"^dx' ■ dx\ 

1=1 i=l 

and so g^ is the identity matrix here. The general Riemannian metric on is 
determined by ds'^ = Y^f j^igijdx'^dx^ , where g = {gij) is a smooth gl{N,M.) - 
valued function on such that g{m) is positive definite matrix for all m e M^. 

Let M be an imbedded submanifold of a finite dimensional inner product space 
{E, (•, •)). The manifold M inherits a metric from E determined by 

ds^{v„r) = {v,v) V u,„ e TM. 

It is a well known deep fact that all finite dimensional Riemannian manifolds may 
be constructed in this way, see Nash [1411 and Moser |136[ll37lll38| . To simplify the 
exposition, in the sequel we will usually assume that {E, (•, •)) is an inner product 
space, M"^ C is an imbedded submanifold, and the Riemannian metric on M is 
determined in this way, i.e. 

{vm, Wm) = (w, w)riv , V v,n,Wrn G T„iM and m G M. 
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In this setting the components gf j of the metric ds^ relative to a chart x may be 
computed as gfjim) = {(t).^i{x{m)),(j)-j{x{m))), where {ei}f^i is the standard basis 
for M'', 

4> := x~'^ and 4);i{a) := —\o(f){a + tei). 

dt 

Example 3.3. Let M = G := SL(n,R) and Ag e TgM. 

(1) Then 

(3.4) ds^{Ag) ■.^iv{A*A) 

defines a Riemannian metric on G. This metric is the inherited metric from 
the inner product space E ~ gl{n,, R) with inner product {A, B) := ti{A*B). 

(2) A more "natural" choice of a metric on G is 

(3.5) d.s\Ag):=triig~'Arg-'A). 

This metric is invariant under left translations, i.e. ds'^{Lk*Ag) = ds'^{Ag), 
for all fc e G and Ag e TG. According to the imbedding theorem of Nash 
and Moser, it would be possible to find another imbedding of G into a 
Euclidean space, E, so that the metric in Eq. H3.5|l is inherited from an 
inner product on E. 

Example 3.4. Let M — be equipped with the standard Riemannian metric 
and (r, ip, 9) be spherical coordinates on M, see Figure Here r, 95, and 9 are 




Figure 7. Defining the spherical coordinates, {r,9,(j)) on R''. 

taken to be functions on R'^ \ {p e K'^ : p2 = and pi > 0} defined by r(p) = \p\, 
ip{p) = cos"^(p3/|p|) g (0,7r), and 9{p) e (0, 27r) is given by 9{p) = tan~^(p2/pi) if 
Pi > and > with similar formulas for (pi,p2) in the other three quadrants of 
K^. Since x^ — rsin(/3cos0, x"^ — r sin 93 sin 0, and x^ — rcosip, it follows using Eq. 
that, 

n dx^ dx^ dx^ 

— sin cos 9dr + r cos </? cos 9dip — r sin sin 9d9, 
dx^ — sin ip sin 9dr + r cos (/? sin 9 dp + r sin cos 9d9, 

and 

dx^ — cos ipdr — r sin ipdip. 
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An elementary calculation now shows that 

3 

(3.6) ds^ = y^idx')^ = dr^ + r'^dip^ + sin^ ipdO"^ 



From this last equation, we see that 

(3.7) s^'-'^'^) = 

Exercise 3.5. Let M := {m G M"^ : |mp = p^}, so that M is a sphere of radius p 
in E-^. Since r = p on M and dr (u) = for aU v e T^M, it foUows from Eq. (|3.6() 
that the induced metric ds^ on M is given by 



1 
r2 







9 . 2 



(3.8) 

and hence 
(3.9) 



ds' 



p^di^r + p^ s\TL (fde^ 



9 



P 




9 . 2 

/9 sm 



3.2. Integration and the Volume Measure. 

Definition 3.6. Let / G C^(M) (the smooth functions on M"^ with compact 
support) and assume the support of / is contained in I?(x), where x is some chart 
on M. Set 



fdx ^ 



M 



n(x) 



fox ^{a)da, 



where da denotes Lebesgue measure on M''. 

The problem with this notion of integration is that (as the notation indicates) 
Jj^j fdx depends on the choice of chart x. To remedy this, consider a small cube 
C{S) of side 6 contained in TZ{x), see Figure |H1 We wish to estimate "the volume" 
of (/)(C((5)) where (j) := x^^ : TZ{x) 'D{x). Heuristically, we expect the volume of 
(/)(C((5)) to be approximately equal to the volume of the parallelepiped, C{6), in 
the tangent space T„iM determined by 



(3.10) 



C{5) 



SiS ■ 4>:i{x {m))\Q < Si < 1, for i — 1,2, . 



where we are using the notation proceeding Example 13. 31 see Figure|Hl Since TmM 
is an inner product space, the volume of C{S) is well defined. For example choose 

an isometry : TmM M"* and define the volume oiC{d) to be m (j){C{S))j where 

m is Lebesgue measure on M''. The next elementary lemma will be used to give a 
formula for the volume of C {6) . 

Lemma 3.7. If V is a finite dimensional inner product space, {wi}^™^ is any 
basis for V and A : V V is a linear transformation, then 



(3.11) 



det {A) = 



det [{Avi,Vj)] 
det [{vt,Vj)] 
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#C(6)) 



f j(:E(m)) 






x{m) 








>■ 



Figure 8. Defining the Ricmannian "volume element." 



where det [{Avi,Vj)] is the determinant of the matrix with i-j - entry being 
{Avi,Vj). Moreover if 

CiS) Ij2Ss, ■vr.O<s,<l, for 1 = 1,2,..., d\ 



then the volume of C {S) is S'^y/det [{vi, vj)]. 

Proof. Let {e^}^™^ be an orthonormal basis for V, then 
{Avi,Vj) = ^{vi, ei) {Aei, ek) {ek, Vj) 



Lk 



and therefore by the multiplicative property of the determinant, 

det [{Avi,Vj)] = det [{vi,ei)] det [{Aei,ek)] dot [(e^, vj)] 

(3.12) = det (A) det [{v^,el)] ■ det [{ek, v^)] . 

Taking A = I in this equation then shows 

(3.13) det [{vi,Vj)] = det [{vi,ei)] ■ det [{ek,Vj)] . 

Dividing Eq. (jXT^ into Eq. f^J^ proves Eq. PH]) . 

For the second assertion, it suffices to assume V = S."^ with the usual inner- 
product. Define T : R*^ — > R'' so that Te^ = Vi where {ei}^^^ is the standard basis 
for M'*, then C (6) = T ([0, Sf) and hence 



(C ((5)) = |det T| m ([0, 6f^ = S'' |det T\ = 5Vdet P'T 



= Sydet [(TfTe^ej)] = S^det [{Te^,Tej)] = Sydet [{v^,Vj)]. 

■ 

Using the second assertion in Lemma 13.71 the volume of C{S) in Eq. (|3.10() 

is S'^^ydet g^{m), where gfj{m) = {(j).i{x{m)), (j).j{x{m))),n. Because of the above 
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computations, it is reasonable to try to define a new integral on T> {x) C M by 

/ fdXv(x) := / fVg^dx, 

Jv{x) Jv(x) 

i.e. let Ax)(a;) be the measure satisfying 

(3.14) dX-o{x) = Vg^dx. 

Lemma 3.8. Suppose that y and x are two charts on M, then 

(3.15) 

Proof. Inserting the identities 

dx^ = TT-rdy'' and dx^ = -Trrdy'' 
and into the formula ds^ = J^f j=i gfjdx^dx^ gives 

d 



from which H3.15|l follows. ■ 

Exercise 3.9. Suppose that x and y are two charts on M and / G C^(M) such 
that the support of / is contained in 'D{x)r\'D{y). Using Lemma and the change 
of variable formula show, 



f\/g^dx = / fy/gydy. 

V(x)nV{y) Jv{x)nv(y) 

Theorem 3.10 (Riemann Volume Measure). There exists a unique measure, Am 
on the Borel a - algebra of M such that for any chart x on M, 

(3.16) d\M {x) = d\x)[x) — \fg^dx on V {x) . 

Proof. Choose a countable collection of charts, {xi]°^i such that M — 
\J°;^{D{x,) and let Ui := V{xi) and U^ := V{x^) \ {U'jl\V{xj)) for i > 1. Then if 
_B C X is a Borel set, define the measure Am (B) by 

C30 

(3.17) Am(S) :=^Ai,(,,)(BnC/,). 

i=l 

If X is any chart on M and B C T) {x) , then B D Ui C T) {xi) n V (x) and so by 
Exercise 13.91 Xv{xi) {B n Ui) — \v{x){B)- Using this identity in Eq. H3.17|l imphes 

oo 

Am {B) := >^v(x) {B n U,) = \v(x) {B) 

i=l 

and hence we have proved the existence of Am- The uniqueness assertion is easy 
and will be left to the reader. ■ 
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Example 3.11. Let M = M.'^ with the standard Riemannian metric, and let x 
denote the standard coordinates on M determined by x{m) — m for aU m e M. 
Then A]{3 is Lebesgue measure which in spherical coordinates may be written as 



when M C M'' is the sphere of radius p centered at G M'^ . 

Exercise 3.12. Compute the "volume element," dX^s, for R'^ in cylindrical coor- 
dinates. 

Theorem 3.13 (Change of Variables Formula). Let (M, (•,-)m) and {N,{-,-)n) 
be two Riemannian manifolds, if) : M ^ N he a diffeomorphism and p G 
C°° (M, (0, oo)) be determined by the equation 

P (m) = \/ det [i/'™V'*m] for all m G Af , 

where ipllj^ denotes the adjoint of ^J^fm relative to Riemannian inner products on 
TmM and T^(ja)N. If f : N R+ is a positive Borel measurable function, then 



In particular if ip is an isometry, i.e. ip*m ■ TmM — > Tjp(^yji^N is orthogonal for all 
m, then 



Proof. By a partition of unity argument (see the proof of Theorem I3.1U|I , it 
suffices to consider the case where / has "small" support, i.e. we may assume that 
the support of /o t/; is contained in T> [x) for some chart x on M. Letting </> :— x~^ , 
by Eq. l|TTT|l of Lemma IT71 



because yV^^^ 



dA]{3 = f ^ sin LfdrdipdO 
sin Lp by Eq. H3.7|l . Similarly using Eq. (|3.9|l , 

d\M = p^ sin (fidipdO 





det [(9, (V> o 0) (t),9,-(V;o0) {t))^] 
det[(9,0(t),5,0(t))M] 



det [{ip*di(l) (t) , {t))N 
det[(9,0(t),a,0(i))M] 



det[{iP'Jyj,d,^it),dj<j)it))M] 
det[(a,0(i),9,0(t))M] 



= det V'r^(t)i^*0(t) =p'(0(i)). 



This implies 
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Example 3.14. Let M ~ SL{n,K.) as in Example 13.31 and let (•, ■)m be the metric 
given by Eq. (|3.5(l . Because Lg : A4 M is an isometry, Theorem 13.131 implies 



/ {gx) dXa {x) = J {x) dXa (x) for all geG. 

SL{n,R) JSL{n,R) 

That is Xg is invariant under left translations by elements of G and such an invariant 
left invariant measure is called a "left Haar" measure on G. 

Similarly if G = O [n) with Riemannian metric determined by Eq. (|3.5(l . then, 
since g € G is orthogonal, we have 

ds^iAg) tTiig-'Ayg-'A) = tvUg* A)* g-' A) = tTiA*gg-'A) = tr{A* A) 

and 

tr {{Ag-'^)*Ag-^) = tT{gA*Ag-^) = tr{A*Ag-^g) = tr(A*A). 

Therefore, both left and right translations by element g € G are isometrics for this 
Riemannian metric on O (to) and so by Theorem 13. 131 



f{gx)dXG{x)= f{x)dXG{x)= f{xg)dXG{x) 

0{n) JO(n) Join) 

for aU geG. 

3.3. Gradients, Divergence, and Laplacians. In the sequel, let M be a 
Riemannian manifold, a; be a chart on M, gij := {d/dx'^,d/dx^), and ds^ = 
J2tj=i9t3dx'dxK 

Definition 3.15. Let g^^ denote the i-j^^ - matrix element for the inverse matrix 
to the matrix, (gij). 

Given / e C°°(M) and m G M, dfm '■— d/lr^M is a linear functional on T,nM. 
Hence there is a unique vector Vm G T^M such that dfm = {vm, ■)m- 

Definition 3.16. The vector Vm above is called the gradient of / at to and will 
be denoted by either grad/(m) or V/ (to) . 

Exercise 3.17. If x is a chart on M and m G 'D{x) then 



d 



(3.18) V/(m) = grad/(TO) = ^ g'\m) 



df{m) d 



dx^ dxi ' 

where as usual, gij = g^j and g^^ — {gij)^^ ■ Notice from Eq. ()3.18|) that V/ is a 
smooth vector field on M. 

Exercise 3.18. Suppose M C ffi.^ is an imbedded submanifold with the induced 
Riemannian structure. Let F : M.^ ^ R be a smooth function and set / := F\m- 
Then grad/(TO) = {P{m)y F{m))m, where VF{m) denotes the usual gradient on 
M^, and P{m) denotes orthogonal projection of onto TmM. 

We now introduce the divergence of a vector field Y on M. 

Lemma 3.19 (Divergence). To every smooth vector field Y on M there is a unique 
smooth function, V -Y — div Y, on M such that 

(3.19) / YfdXM = - I divy -fdXu. V / G G^{M). 

JM JM 
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(The function, V -Y ~ divY, is called the divergence ofY.) Moreover if x is a 
chart on M, then on its domain, 

i=l i=l 

where Y' := dx'^{Y) and ^ — . 

Proof. (Sketch) Suppose that / G C^{M) such that the support of / is con- 
tained in I?(a;). Because Yf = Y^df/dx^, 



I Yf d\M = / E y'df/dx' ■ Vgdx = - 1 Y.-f 



i=l 

d 



dx'' 



where the second equahty foUows by an integration by parts. This shows that if 
divy exists it must be given on V^x) by Eq. H3.20|l . This proves the uniqueness 
assertion. Using what we have aheady proved, it is easy to conclude that the 
formula for divK is chart independent. Hence we may define smooth function 
div Y on M using Eq. H3.2U|I in each coordinate chart x on M. It is then possible to 
show (again using a smooth partition of unity argument) that this function satisfies 
Eq. jtm . m 

Remark 3.20. We may write Eq. (|3.19() as 

(3.21) / {Y, grad /) dXu = - f divY ■ f dXu , V f E C^^ {M), 

JM JM 

SO that div is the negative of the formal adjoint of grad . 

Exercise 3.21 (Product Rule). If / e C°° (M) and F e E (TM) then 

v-(/y)-(v/,r) + / v-r. 

Lemma 3.22 (Integration by Parts). Suppose that Y e r(TAf), / e C^{M), and 
h G C°°(M), then 

I Yf-hd\M=( f{-Yh-h-d:wY}d\M. 
Jm Jm 

Proof. By the definition of div Y and the product rule, 

fh divY d\M - - / Y{fh) d\M = - I {hYf + fYh) d\M. 
m Jm Jm 



Definition 3.23. The Laplacian on M is the second order differential operator, 
A : C°"(Af) ^ C°°{M), defined by 

(3.22) A/:=div(grad/)=V-V/. 
In local coordinates, 

1 

(3.23) Af^—Y, ddV99''d,f}, 
where 5» = d/dx\ g = g"", ^/g^ y/det g, and {g"-^) = {gfj)~^ ■ 
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Remark 3.24. The Laplacian, A/, may be characterized by the equation: 

/ Af-hdXM^- I {Vf,Vh)d\M, 
Jm Jm 

which is to hold for all / G C°°(M) and h e C^{M). 



Example 3.25. Suppose that M = M.^ with the standard Riemannian metric 
ds^ ~ "^f^iidx^y , then the standard formulas: 

grad/ = df/dx' ■ dldx\ divF = ^ dY'ldx' and A/ = 

are easily verified, where / is a smooth function on and Y = Y^d/dx^ is 

a smooth vector-field. 

Exercise 3.26. Let M — R"^, {r,(p,9) be spherical coordinates on M.^, dr = d/dr, 
dip = d/d(p, and 9e = d/de- Given a smooth function / and a vector-field F = 
Yrdr + Y^d^ + Ygde on verify: 

grad / = + + , .\ (^9/)^^, 

r"' sm 

divF = ^5-4 {drir"^ sin(pYr) + d^ir'^ svcupYp) -f sin(^96il6(} 

sm if 

= \dr{r^Yr) -f -^a^(sin<^y^) + deYe, 
sm Lp 



and 



1 „ , l_ 

r2 sin " ' ■ " ■■ ' sin" Lp 



Example 3.27. Let M = G = O (n) with Riemannian metric determined by Eq. 
and for A e g := TeG let A e F (TG) be the left invariant vector field, 

A{x) := L^^A = 4:\o^^^^ 
at 

as was done for SL{n, M) in Example l2.34l Using the invariance of dXc under right 
translations established in Example 13.141 we find for f,h^C^ (G) that 

Af (x) ■ h (x) dXa (x) = £ ^lo/ i^e'^) ■ h {x) dXa (x) 

'^\o I f{xe'^)-h{x)d\G{x) 



dt 
d_ 
di 



G 



-^lo / nx)-h{xe-''')d\G [x) 
J{x)-j^\^h{xe-'^) dXc (x) 
- I f (x) ■ Ah (x) dXa (x) . 
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Taking h = 1 implies 



G JG 

V-A{x)-f{x) dXa (x) 

G 

from which we learn W ■ A = 0. 

Now letting 5*0 C g be an orthonormal basis for g, because Lg^ is an isometry, 
{A (5) : yl e 5*0} is an orthonormal basis for TgG for all g E G. Hence 

V/(<?)= E (v/(5),i(5))i(5)= E {Af){9)Aig). 
AeSo AeSo 



and, by the product rule and W ■ A — 0, 



A 



E {yAf,A)^j2^'f- 



AeSo AeSo AeSo 

3.4. Covariant Derivatives and Curvature. 

Definition 3.28. We say a smooth path s V{s) in TM is a vector-field along 

a smooth path s a{s) in M if tt o V{s) = cr(s), i.e. V{s) £ T„(^g)M for all s. 
(Recall that tt is the canonical projection defined in Definition l2.16l l 

Note: if y is a smooth path in TM then is a vector-field along a -.^ ttoV. This 
section is motivated by the desire to have the notion of the derivative of a smooth 
path V{s) € TM. On one hand, since TM is a manifold, we may write V'{s) as an 
element of TTM. However, this is not what we will want for later purposes. We 
would like the derivative of V to again be a path back in TM, not in TTM. In 
order to define such a derivative, we will need to use more than just the manifold 
structure of M, see Definition 13.311 below. 

Notation 3.29. In the sequel, we assume that M'' is an imbedded submanifold of 
an inner product space {E — M^, (■,•)), and that M is equipped with the inherited 
Riemannian metric. Also let P{m) denote orthogonal projection of E onto t^M 
for all m £ M and Q(m) := / — P(m) be orthogonal projection onto {TmM)-^. 

The following elementary lemma will be used throughout the sequel. 

Lemma 3.30. The differentials of the orthogonal projection operators, P and Q, 
satisfy 

= dP + dQ, 
PdQ ^ -dPQ = dQQ and 
QdP = -dQP = dPP. 



In particular, 



QdPQ = QdQQ = PdPP = PdQP = 0. 



Proof. The first equality comes from differentiating the identity, / = P + Q, 
the second from differentiating ~ PQ and the third from differentiating = QP. 
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Definition 3.31 (Levi-Civita Covariant Derivative). Let V{s) = {a{s),v{s)) = 
^(s)(t(s) be a smooth path in TM (see Figure EJ, then the covariant derivative, 

WV{s) /ds, is the vector field along cr defined by 



(3.24) 




Figure 9. The Levi-Civita covariant derivative. 



Proposition 3.32 (Properties of V/c?s). Let W(s) — {a{s),w{s)) and V{s) 
{cr(s),v{s)) be two smooth vector fields along a path a in M. Then: 

(1) \7W{s)/ds may be computed as: 



(3.25) 



YElEl := (^(,), ^^(5) + idQia'{s)))wis)). 
as ds 



(2) V is metric compatible, i.e 
(3.26) 



-iw,),v-w> I'M) + (»'(.). 

as ds ds 



Now suppose that (s,t) — > a{s,t) is a smooth function into M, W{s,t) = 
{cr{s, t), w{s, t)) is a smooth function into TM, ct'(s, t) := (a(s, t), ^o'(s, t)) 
and a{s,t) = {a{s,t), -^aisjt)). (Notice by assumption that w{s,t) G 
Ta(sj)M for all (s^t).) 
(3) V has zero torsion, i.e. 



(3.27) 



Vcr' _ V(7 
dt ds 

(4) // R is the curvature tensor of V defined by 

(3.28) R{Um, Vm)Wm = [m, [dQ{Urn), dQ{Vm)]w), 

then 



(3.29) 



V V 
dt' ds 



dt ds ds dt 
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Proof. Differentiate the identity, P{a{s))w{s) = w{s), relative to s implies 



{dP{a'is)))w{s) + P{a{s))-w{s) 



ds 



w{s) 



from which Eq. (|3.25|) follows. 
For Eq. (|3.26|) just compute: 



±{Wis),Vis)) = ^^{w{s),vis)) 



w{s),v{s)\ + (w{s), —v{s) 



ds 



ds 
d_ 

ds 



= { P{ais))-wis),vis) } + { wis), P{ais))-v{s) 



wis), Piais))vis) ) + ( Piais))wis), —vis) 



ds 



VWis) 
ds 



Vis] 



Wis). 



Wis) 



where the third equality relies on w(s) and wis) being in T^(^g-^M and the fourth 
equality relies on P((j(s)) being an orthogonal projection. 

From the definitions of cr', a, \//dt, V /ds and the fact that mixed partial deriva- 
tives commute, 

V(T'(s,t) V , , , , , , , , d d , 

,, = -ioit,s),a'is,t)) = iait,s),Pi<jis,t))--ait, s)) 
dt dt dt ds 

= iait,s),Piais,t))-^^ait, s)) = Va(s, 
ds dt 

which proves Eq. (|3.27|l . 
For Eq. (|3.29|) we observe, 

V V 



dt ds 



Wis, t) = ^Ms, t), ^wis, t) + dQia'is, t))wis, t)) 
dt ds 



= i<^{s,t),'n+is,t)) 

where (with the arguments is,t) suppressed from the notation) 



—w + dQicf')w 
ds 



dQi&) 



—w + dQicf')w 
ds 



d d 



dt ds 
Therefore 



dt 



= -JJ^r^' + 17 [dQ{<^')] w + dQia')-w + dQi&)—w + dQi&)dQia')w 



dt 



ds 



V V 

dt ' ds 

where ry_ is defined the same as rj+ with all s and t derivatives interchanged. Hence, 
it follows (using again -^-j^w = -j^-^w) that 

"V V 



dt ds 
The proof of Eq, 



W = (a, [j^idQi<j'))]w - [-^^idQi&))]w + [dQi&),dQi<j')]w). 



is finished because 
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Example 3.33. Let M = {m G : \m\ = p} be the sphere of radius p. In this 
case Q{m) =-^mm}'^ for all m G M. Therefore 

dQ{vm) = ^{vm^' + mv^'} V u„ € T„M 
P 

and hence 

dQ(um)dQ(vm) = \{um}''' + mu*''}{wm*'' + mw*''} 
P 

= ^{p\v*' + {u,v)Q{m)}. 
So the curvature tensor is given by 

R{Um, Vm)'Wm = {m, ^i'"^*'^ " VU^'^jw) = (m, -^{{v, w)u - {u, w)v}). 

Exercise 3.34. Show the curvature tensor of the cylinder 

M = {{x,y,z) eR^ ix^ = 1} 

is zero. 

Definition 3.35 (Covariant Derivative on T{TMj). Suppose that F is a vector 
field on M and Vm & TmM. Define Vy^Y e T^M by 

where a is any smooth path in M such that cr'(O) = Vm- 
If Y{m) = {m,y{m)), then 

V^m^ = {m,P{m)dy{vm)) = {m,dy{vm) + dQ{vm)y{m)), 

from which it follows Vy^Y is well clcfinc'cl. i.e. Vy^^Y is independent of the choice 
of a such that a' (0) = Vm- The following proposition relates curvature and torsion 
to the covariant derivative V on vector fields. 

Proposition 3.36. Let m e M, v £ T^M, X,Y,Z e r{TM), and f € C°°(M), 
then the following relations hold. 

1. Product Rule: V^if ■ X) = df{v) ■ X{m) + f{m) ■ V^X. 

2. Zero Torsion: V xY - VyX - [X,Y] = 0. 

3. Zero Torsion: For all Vm,Wm € T^M, dQ{vm)wm = dQ{wm)vm- 

4. Curvature Tensor: R{X,Y)Z = [Vx,Vy]Z -V[x,y]Z, where 

[Vx,Vy]Z := Vx{VyZ) - Vy{VxZ). 

Moreover if u, v,w,z G T^M, then R has the following symmetries 

a: R{Um,Vm) = -R{Vm,Urn) 

b: [R{um,Vm)]^'' = -R{um,Vm,) and 
c: if Zm € TmM, then 

(3.30) {R{Um, Vm)Wm, Zm) = {R{Wm, Zm)Um., Vm) ■ 
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5. Ricci Curvature Tensor: For each m G M, let RiCm : TmM TmM 
he defined by 

(3.31) RiCm Vm ■= ^ R{vm, a)a, 

where S C T^M is an orthonormal basis. Then Ric*^ = RiCm and RiCm 
may be computed as 

(3.32) (Ric„u, v) = tr{dQ{dQ{u)v) - dQ{v)dQ{u)) for all u,v e T^M. 

Proof. The product rule is easily checked and may be left to the reader. For 
the second and third items, write X{m) = {m^ x{m)), Y{m) = {m,y{m)), and 
Z{m) — (m, z{m)) where x,y,z : M ^ are smooth functions such that x(m), 
y{m), and z{m) are in TmM for all m e M. Then using Eq. H2.15|l . we have 

{VxY - VyX)(TO) = (to, P{m){dy{X{m)) - dx{Y{m)))) 

(3.33) = (to, (dy(X(m)) - dx{Y{m)))) = [X, Y] (m), 

which proves the second item. Since (Vx^)(™) may also be written as 

iVxY){m) - im,dy{X{m)) + dQ{X{m))y{m)), 

Eq. (|3.33l) may be expressed as dQ{X{m))y{m) = dQ{Y{m))x{m) which implies 
the third item. 

Similarly for fourth item: 

VxVyZ ^Vxi-,Yz+iYQ)z) 

= {■,XYz + {XYQ)z + {YQ)Xz + {XQ){Yz + {YQ)z)), 

where YQ :— dQ{Y) and Yz :— dz{Y). Interchanging X and Y in this last expres- 
sion and then subtracting gives: 

[Vx, Vy]Z = (•, [X, Y]z + {[X, Y]Q)z + [XQ, YQ]z) 
^V^x,Y]Z + R{X,Y)Z. 

The anti-symmetry properties in items 4a) and 4b) follow easily from Eq. H3.28|l . 
For example for 4b), dQ (um) and dQ{vm) are symmetric operators and hence 

[Rium,vm)f = [dQ{u,n),dQiv„,T = [dQ{vmY\dQ{u,nY''] 

= [dQiVm),dQ{u„i)] = -[dQiUjn),dQ{v,n)] = -R{Um,Vrn)- 

To prove Eq. H3.30|l we make use of the zero - torsion condition dQ(vm)wm = 
dQ{wm)vm and the fact that dQ (um) is symmetric to learn 

{R{Ujn,Vm)w,z) = {[dQ (Um) , dQ{Vm)]w , z) 

= {[dQ{um)dQ{v„i) - dQ{vm)dQ{um)]w,z) 

= {dQ{vm)w,dQ{uyn)z) - {dQ{um)w, dQ(vm)z) 

(3.34) = {dQ{w)v, dQ{z)u) ~ {dQ{w)u, dQ{z)v) 

= {[dQ{z),dQ{w)]v,u) — {R{z,w) v,u) ~ {R {w, z) u,v) 

where we have used the anti-symmetry properties in 4a. and 4b. By Eq. (|3.34|) 
with V = w ~ a, 
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(Ric M, z) = z) 

= [{dQ{a)a,dQ{u)z) - {dQ{u)a, dQ{a)z)] 
aes 

= [{a, dQ{a)dQ{u)z) — {dQ{u)a, dQ{z)a)] 
aes 

= [{a,dQ{dQ{u)z)a) — {dQ{z)dQ{u)a,a)] 

= tr{dQ{dQ{u)z) - dQ{z)dQ{u)) 

which proves Eq. The assertion that Ric™ : T„M -> T^M is a symmetric 

operator foUows easily from this formula and item 3. ■ 

Notation 3.37. To each v € R^, let dv denote the vector field on defined by 

i9^(at x) =Vx = ^|o(a; + tu). 

So if e C°°(R^), then 

{d^F){x) := j^\oF{x + tv) = F' {x) v 

and 

{d^d^F) {x)=F" (x) {v,w), 

see Notation 12. II 

Notice that if w : ^ R^ is a function and u e R", then 

(dyd^F) (x) ^ [F' (•) w (•)] (x) - F' {x) dyw (x) + F" (x) {v, w (x)) . 

The following variant of item 4. of Proposition 13 . 351 will be useful in proving the 
key Bochner-Weitenbock identity in Theorem 13 .491 below. 

Proposition 3.38. Suppose that Z eV [TM] ,v,w e T„iM and let X,Y eV (TM) 
such that X (m) = v and Y (m) = w. Then 

(1) ^l(g,wZ defined by 

(3.35) V2^^Z:= (VxVyZ-Vv^Y^)(m) 

is well defined, independent of the possible choices for X and Y. 

(2) If Z{m) = (m, z(m)) with z : R^ — > R^ a smooth function such z (m) € 
TmM for all m e M, then 

(3.36) 

Vl^^Z = dQ {v) dQ {w) z{m) + P (m) z" (m) {v, w) ~ P (m) z' (m) [dQ {v) w] . 

(3) The curvature tensor R{v,w) may be computed as 
(3.37) ylr^^Z~\7l^,Z^Riv,w)Zim). 

(4) If V is a smooth vector field along a path a (s) in M, then the following 
product rule holds, 

(3-38) J (Vv(.)Z) = {y^vis)Z) + '^l(s)^v(s)Z. 
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Proof. We will prove items 1. and 2. by showing the right sides of Eq. (|r{.35|l 

and Eq. H3.36|l are equal. To do this write X{m) — {m,x{m)), Y{m) — {m,y{m)), 
and Z{m) — {m, z{m)) where x,y,z ^ are smooth functions such that 

x{m), y{m), and z(rn) are in t^M for all m € M. Then, suppressing m from the 
notation, 

VxVyZ - Vv^yZ = Pd^ [Pdyz] - Pdpa^yz 

= P {dxP) dyZ + PdxdyZ - PdpQ^yZ 

= P {d,P) dyZ + Pz" {x, v) + Pz' [d.,y - Pd.,y] 
= (d^P) Qdyz + Pz" [x, y) + Pz' [Qd^y] . 

Differentiating the identity, Qy = on M shows Qdxy — — {dxQ) V which combined 
with the previous equation gives 

(3.39) VjfVyZ - V^^yZ - {dxP) QdyZ + Pz" [x, y) - Pz' [(9,Q) Y] 

= - {dxP) {dyQ) z + Pz" (X, Y) - Pz' [{dxQ) Y] . 



Evaluating this expression at m proves the right side of Eq. 

Equation (|3.37|l now follows from Eqs. H3.36|l and 13.28|l . item 3. of Proposi- 
tion the fact the z" {v,w) — z" {w,v) because mixed partial derivatives 
commute. 

We give two proofs of Eq. (|3.38() . For the first proof, choose local vector fields 
defined in a neighborhood of a (s) such that {Ei (cr {s))}f^-^ is a basis for 
Ta{s)M for each s. We may then write V (s) = (■*)) ^'^'■^ therefore, 

V 



(3.40) -V (s) = 5] { V^/ is) [a (s)) + V, {s) V.,(,)i?.} 

and 



d 



i=l 1=1 

Using Eq. 

and using this in the previous equation along with Eq. (|3.40l) shows 
— (Vvis)Z) = V 



ds 



i=l 
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For the second proof, write V (s) = {a{s),v{s)) — w(s)g.(s) and p{s) := 
P(f7(s)) , then 

J {VvZ) - (V V ^Z) = ipz' (v)) - pz' [pv') 

= p [p'z' {v) + pz" (ct', v) + pz' {v')] - pz' {pv') 
= pp' z' (v) + pz" (cr', v) + pz' (qv') 
— p'qz' (v) + pz" {a' , v) — pz' (q'v) 

wherein the last equation we have made use of Eq. H3.39|l . ■ 
3.5. Formulas for the Divergence and the Laplacian. 
Theorem 3.39. Let Y be a vector field on M, then 

(3.41) divr = tr(Vy). 

(Note: (vm — > ^VmY) G End(rmM) for each m G M, so it makes sense to take the 
trace.) Consequently, if f is a smooth function on M, then 

(3.42) A/ = tr(Vgrad/). 

Proof. Let a; be a chart on M, 9, := d/dx\ V» := Va., and dx\Y). Then 

by the product rule and the fact that V is Torsion free (item 2. of the Proposition 

d d 

and Vi(9j = V jdi. Hence, 

d d d 

tr(vy) = ^dx'(v,F) = ^a,y* + ^ dx^Y^v^dj) 

d d 

= ^5,r*+ dx\Y^^jd,). 

i=l = l 

Therefore, according to Eq. H3.20|) , to finish the proof it sufhccs to show that 

d 
i=l 

From Lemma 12.71 

1 1 1 

dj log V5 = log(detg) = -iY{g-^d.jg) = i^Yl a'^^^jSkh 

k,l=l 

and using Eq. H3.26|) we have 

djgu = dj{dk,di) = {\/jdk,di) + {dk,\7jdi). 
Combining the last two equations along with the symmetry of g''' implies 

d d 

a,logVg= Y .9''(V,5fc,9i) =^dx^-(Vjafc), 

k,l=l k=l 
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where we have used 

d 
k=l 

This last equality is easily verified by applying both sides of this equation to 9,; for 
i = 1,2, . . . ,n. m 

Definition 3.40 (One forms). A one form uj on M is a smooth function ui : 
TM — > M such that Um ■— ^It^m is linear for all m e M. Note: if a; is a chart of 
M with m £ ^{x), then 

d 

OJni = y^^uJi{m)dx'\T^M, 

1=1 

where iOi := Lij{d /dx^). The condition that lo is smooth is equivalent to the condition 
that each of the functions u>i is smooth on M. Let r2^(M) denote the smooth one- 
forms on M. 

Given a one form, u E rt^{M), there is a unique vector field X on M such 
that = {X{m), •)„ for all m € M. Using this observation, we may extend the 
definition of V to one forms by requiring 

(3.43) V,„a; (V„„X, •) e T,;M := (T^M)* . 

Lemma 3.41 (Product Rule). Keep the notation of the above paragraph. Let 
Y e T{TM), then 

(3.44) vm HY)] - (V,,„w)(y(m)) + a;(V,„F). 
Moreover, if 9 : M (R^)* is a smooth function and 

uj{vrn) := 9{m)v 

for all Vm G TM, then 

(3.45) (V„„cj)(w™) = de{vm)w - 9{m)dQ{vm)w = {d{eP){vm))vu, 
where {eP){m) := e{m)P{m) £ (R^)*. 

Proof. Using the metric compatibility of V, 

vMY)) = Vmi(X,Y)) = (V„„X,y(TO)) + (X(m), v.„r) 
= (V„„cj)(y(TO)) +a;(V.„y). 
Writing Y{m) = (m,y{m)) = y{m)m and using Eq. (|3.44|) . it follows that 

(V„„a>)(r(TO)) = Vm{L0{Y))-Lu{V„„Y) 

= Vra{0{-)v{-)) ~ 0{m){dy{vm) + dQ{vm)y{m)) 
= {d9{vm))y{m) - e{m){dQ{vm))y{m). 

Choosing Y such that Y{m) = Wm proves the first equality in Eq. H3.45|l . The 
second equality in Eq. 13.45|l is a simple consequence of the formula 

d{eP) ^ de{-)P + 9dP = d0{-)P - 9dQ. 

■ 

Before continuing, let us record the following useful corollary of the previous 
proof. 
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Corollary 3.42. To every one - form uj on M, there exists fi,gi G C°°(M) for 
i — 1, 2, . . . , TV such that 

N 

(3.46) c^ = ^/,d5,. 

1=1 

Proof. Let fi (m) := 9{m)P(m)ei and gi (m) — (m) — (to, ei)^N where 
is the standard basis for and P (to) is orthogonal projection of onto 
TmM for each to e M. ■ 

Definition 3.43. For / e C°°(M) and Wm in T„jM, let 

Vdf{Vm,Wm) := (Vi,„(i/)(Wm), 

so that 

Vdf : \J^eM{T„,M x T^M) -> R. 
We call Vc?/ the Hessian of /. 

Lemma 3.44. Let f e C°°{M), F e C°°(M^) such that f = F\m, X,Y e r{TM) 
and Vm, Wm € TmM. Then: 

(1) Vdf{X,Y)=XYf ^dfiWxY). 

(2) Vd/(?;„„ w™) = F"{m){v,w) - F' {m)dQ{vm)w. 

(3) Vd/('ym,Wm) — df(wm,Vm) - another manifestation of zero torsion. 
Proof. Using the product rule (see Eq. (|3.44ll '): 

XYf = X{df{Y)) = (SxdfW) + df{VxY), 

and hence 

Vdf{X, Y) = {Vxdf){Y) = XYf - dfiVxY). 
This proves item 1. From this last equation and Proposition 13.351 (V has zero 
torsion), it follows that 

VdfiX, Y) - Vd/(y, X) = [X, Y]f - df[VxY - VyX) = 0. 

This proves the third item upon choosing X and Y such that X{m) — Vm and 
Y{m) = Wm- Item 2 follows easily from Lemma [3 . 4 II applied with 6 -.^ F' . ■ 

Definition 3.45. Given a point m e A/, a local orthonormal frame {Ei}f^^ at 
TO is a collection of local vector fields defined near to such that {Ei {p)}'^^i is an 
orthonormal basis for TpM for all p near to. 

Corollary 3.46. Suppose that F e C°°(M^), / := F\m, and m e M. Let {ejf^i 
he an orthonormal basis for TmM and let {Ei}f^^ be an orthonormal frame near 
mG M. Then 

d 

(3.47) A/(TO)-^Vd/(i?,(TO),i?,(TO)), 

i=l 

d 

(3.48) A/(to) - ^{i?,i?,/)(TO) - d/(V£,(„)i?,)}, 

1=1 

and 

d 

(3.49) A/(to) = F"{rn){e,,e,) - F'{m){dQ{E, {m))e.i) 

i=l 
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where Et (m) :~ (m, e;) . 

Proof. By Theorem ESI A/ = Eti (Vb, grad/, K,) and by Eq. jHH}, 

VE.df = (Vb. grad/, •) . Therefore 

d d 

which proves Eq. (|3.47|l . Equations H3.48|l and H3.49|l follows from Eq. I3.47|l and 
Lemma ■ 

Notation 3.47. Let {6;}^-^ be the standard basis on and define Xi (m) :— 
P (m) e; for aU m G M and i = 1, 2, . . . , iV. 

In the next proposition we will express the gradient, divergence and the Laplacian 
in terms of the vector fields, {Xi}^^^ . These formula will prove very useful when 
we start discussing Brownian motion on M. 

Proposition 3.48. Let f £ (M) and Y e T (TM) then 

(1) Vm = Y^^^i{vm,Xi {m))Xi (m) for all v,n G T„M. 

(2) V/ = grad/-Eti^^/-^^ 

(3) V • r = div(y) - Eti(Vx.r,x,) 

(4) EtiVx.X, = 

(5) A/ = EtiXF/. 

Proof. 1. The main point is to show 

N d 

(3.50) ("^) ® ("^) = 



Ui (Ki Ui 
1=1 



where {ui}f=i orthonormal basis for T,nM. But this is easily proved since 

N N 

X, (to) (g) Xi (to) = ^ P (to) e, (g) P (to) Ci 

i=l -8=1 

and the latter expression is independent of the choice of orthonormal basis {si}^^-^ 
for R^. Hence if we choose {6^}^-^ so that = itj for i = 1, . . . , d, then 

N d 

P (to) Ci g) P (to) = ^ (g Uj 
i=l i=l 

as desired. Since "^f^iivm, Xi {m))Xi (to,) is quadratic in Xi, it now follows that 

N d 
Y{'"m,Xi {m))Xi (to) = ^(w„,U^)ui = Vm- 
1=1 i=l 

2. This is an immediate consequence of item 1: 

N N 

grad / (to) = ^(grad/ (to) (to))^^ (to) = ^Xj/ (to) • Xi (to) . 
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3. Again J2iLi{^ XiY, Xi) (m) is quadratic in Xi and so by Eq. (|3.5Q|I and 
Theorem ESni 

N d 

Y,{'^xJ,x,) (to) ^(v„,r,u,) (to) = div(y). 

i=l i=l 

4. By definition of Xi and V and using Lemma [3.301 

N N N 

(3.51) (Vx.^^) (to) = ^ P (to) dP {X, (to)) = ^ dP (P (to) e,) Q (m) e,. 

i=l i—1 2—1 

The latter expression is independent of the choice of orthonormal basis {e^}^]^ for 
M^. So again we may choose {e^j^^^ so that = it^ for i = 1, . . . , d, in which case 
P (m) = for j > d and so each summand in the right member of Eq. (|3.51() is 
zero. 

5. To compute A/, use items 2.- 4., the definition of V/ and the product rule 
to find 

N 

A/ = V-(V/) = ^(Vx.V/,X,) 

i=l 

AT TV N 

2—1 2—1 i — 1 

■ 

The following commutation formulas are at the heart of many of the results to 
appear in the latter sections of these note. 

Theorem 3.49 (The Bochner-Weitenbock Identity). Let f e C°° (M) and a,b,ce 
TmM, then 

(3.52) (V^^,V/,c) = (v2^,V/,6) 
and if S d TmM is an orthonormal basis, then 

(3.53) J2 ^l^a^f = (g'^ad A/) (to) + Ric V/ (to) . 

aes 

This result is the first indication that the Ricci tensor is going to play an im- 
portant role in later developments. The proof will be given after the next technical 
lemma which will be helpful in simplifying the proof of the theorem. 

Lemma 3.50. Given to G Af and v S T^M there exists V G T(TM) such that 
V (to) — V and W^V — for all w £ T^M. Moreover if {e^j^^j^ is an orthonormal 
basis for T^M, there exists a local orthonormal frame {Pi}f^]^ near to such that 
\/wEi = for all w G TmM. 

Proof. In the proof to follow it is assume that V, Q and P have all been extended 
off M to smooth function on the ambient space. If V is to exist, we must have 

= V^F = V (to) w + d^Q (to) V, 

i.e. 

V' (to) w = -dniQ (to) V for all w G T^M. 
This helps to motivate defining V by 

V (x) := P (x) {v - id^-,nQ) (m) v) G T^M for all x G M. 
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By construction, V (m) = v and making use of the identities in Lemma 13.301 

"^wV = [P {x) {v - (d^-jnQ) (m) v)] + (9^(3) (m) v 
= {du,P) (m) V - P (to) (dwQ) (to) V + {d^Q) (to) v 
= {d^P) {m)v + Q (to) (5^Q) (to) V = (d^P) (to) v + (d^Q) (to) u = 

as desired. 

For the second assertion, choose a local frame {Vi}'^^^ such that Vi (to) = 
and VtuV^i = for all i and w G TmM. The desired frame is now con- 

structed by performing Gram-Schmidt orthogonalization on {Vi}'^^-^ . The resulting 
orthonormal frame, {Ei}'^^^ , still satisfies V yjEi = for all w e TmM. For example, 
El = {Vi,Viy^/^Vi and since 

w{Vi,Vi) ^2{V^VuVi{m)) =0 

it follows that 

V„£;i = w [{VuVi)-^/^^ ■ Vi (to) + {Vi,Vi)-'^^ (to) V^Fi (to) = 0. 

The similar verifications that W^Ej = for j = 2, . . . , d will be left to the reader. 
■ 

Proof. {Proof of Theorem \3.49\ ) Let a,b,c e T,nM and suppose A,B,C e 
r {TM) have been chosen as in Lemma 13.501 so that A (to) = a, B (to) = 6 and 
C (to) = c with V.u,A Vu,B = Vt„C = for aU w e T^Af. Then 

ABCf = AB{Wf, C) = A(Vb V/, C) + A(V/, VsC) 

= (V^Vb V/, C> + (Vs V/, VaC) + A(V/, VbC) 

which evaluated at to gives 

{ABCf) (to) - ((V^VbV/,C> + A(V/, VbC)) (to) 

= (V2^,V/,c) + (a(V/,VbC))(to) 

wherein the last equality we have used {V aB) (to) — 0. Interchanging _B and C in 
this equation and subtracting then implies 

[A [B, C] f) (to) = (V^^.V/, c) - {Vl^^Vf, b) + (a(V/, VbC - VcB)) (to) 

= (V^«,V/,c) - (v2^,V/,6) + (a(V/, [B,q)) (to) 

= (V^^.V/, c) - (V2^,V/, 6) + {A[B, C\f) (to) 

and this equation implies Eq. (|3.52(l . 

Now suppose that {Ei\^^^ C TmM is an orthonormal frame as in Lemma |3. 501 
and ei = Ei (to) . Then, using Proposition 13 . 3(jl 
(3.54) 

d d d 

E(^e.«e, V/, c) = 5](V^,^,V/, e,;) = ^^(V^^,, V/ -f i? (e., c) V/ (to) , e.). 
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Since 

d 



= {CAf) (m)-((vA/) (m),c) 
and (using R{ei,c)*'^ ~ R{c,ei)) 

d d 

J2{R (e., c) V/ (m) , e,) = ^(V/ (m) , i? (c, e,) e,) 

= (V/ (m),Ricc) = (RicV/ (m),c), 



Eq. ()3.54fl is implies 

E(^e.»e,V/, c) - ((VA/) (m) + RicV/ (m) 



which proves Eq. (|3.53l) since c £ T„iM was arbitrary. ■ 
3.6. Parallel Translation. 

Definition 3.51. Let F be a smooth path in TM. V is said to parallel or co- 
variantly constant if WV{s)/ds = 0. 

Theorem 3.52. Let a be a smooth path in M and (wo)ct(o) ^ Then there 

exists a unique smooth vector field V along a such that V is parallel and V{0) = 
(wo)o-(o)- Moreover if V {s) and W (s) are parallel along a, then {V{s),W{s)) ~ 
{V (0) , W (0)) for all s. 

Proof. If V and W are parallel, then 

±{Vis),Wis)) = (^^V{s),Wis)'j + (v{s), Jw^(s)^ = 

which proves the last assertion of the theorem. If a parallel vector field V{s) — 
((t(s),w(s)) along a{s) is to exist, then 

(3.55) dv{s)/ds + dQ{a{s))v{s)^0 and v{0) ^ vq. 

By existence and uniqueness of solutions to ordinary differential equations, there is 
exactly one solution to Eq. (|3.55() . Hence, if V exists it is unique. 

Now let V be the unique solution to Eq. H3.55(l and set V{s) :— {<t{s),v{s)). 
To finish the proof it suffices to show that v{s) e Ta-(^g-jM. Equivalently, we must 
show that w{s) := q{s)v{s) is identically zero, where q{s) := Q{a{s)). Letting 
v'{s) = dv{s)/ds and p{s) — P{<t{s)), then Eq. H3.55|l states v' — —q'v and from 
Lemma I3.3UI we have pq' = q'q. Thus the function w satisfies 

w' = q'v + qv' — q'v — qq'v — pq'v = q'qv = q'w 

with w{0) = 0. But this linear ordinary differential equation has w = as its unique 
solution. ■ 

Definition 3.53 (Parallel Translation). Given a smooth path a, let //s(o') : 
Tct(o)M Tfj{^g)M be defined by //s((t)(i;o)ct(o) ~ ^(s)i where V is the unique 
parallel vector field along a such that 1^(0) = (i'o)ct(o)- We call //s{o') parallel 
translation along cr up to time s. 
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Remark 3.54. Notice that //s(cr)wo.(o) = ('^'(■s)w)tT(o) j where s — )■ u(s) € 
Hom(r<^(o)M,]R^) is the unique solution to the differential equation 

(3.56) u'{s) + dQ{a'{s))u{s) =0 with u(0) = F (ct (0)) . 

Because of Theorem 13.521 u{s) : t^^q-^M is an isometry for all s and the 

range of u{s) is t^{^s)M. Moreover, if we let u (s) denote the solution to 

(3.57) u (s) - u{s)dQ{a' {s)) = with u (0) = P {a (0)) , 
then 

— [u (s) u (s)] = u (s) It (s) + u (s) u' (s) 

= 'u(s)dg((7'(s))u (s) - u (s) dg(CT'(s))u(s) = 0. 

Hence u (s) w (s) = P [a (0)) for all s and therefore u (s) is the inverse to u [s) 
thought of as an linear operator from Tg.(o)Af to Tg.(s)M. See also Lemma 13.571 
below. 

The following techniques for computing covariant derivatives will be useful in 
the sequel. 

Lemma 3.55. Suppose Y £T (TM) , a (s) is a path in M, W (s) = (cr (s) , w (s)) 
is a vector field along a and let //s = //s (c) be parallel translation along a. Then 

(1) ^Wis) = //,f^[//i^W{s)]. 

(2) For any v £ T„(q)M, 

where was defined in Provosition 1 3. 3^ 

Proof. Let u be as in Eq. From Eq. iHT^ . 



ds \ ds 
while, using Remark 13. 541 

d r , ,_i / NT f d 



— 3-w(s) + d(y((T (s)))w(s^ 



<T(S) 



[//7'W/(.)] = 



= {U' {S)W{S)+U{S)W' (S))^(,) 

= {u is) dQ {a' is)) w{s)+u (s) w' (s))^(,) 

^ lW(£) 

ds ■ 

This proves the first item. We will give two proves of the second item, the first 
proof being extrinsic while the second will be intrinsic. In each of these proofs there 
will be an implied sum on repeated indices. 

First proof. Let {XJ^^ C F (TM) be as in Notation lXTTl then by Proposition 
KM 

(3.59) //sv = U/sV, X, (a {s)))X, (a (s)) = {v, //j'X, {a {s)))X, {a {s)) 
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and therefore, 

Jv//^„y = J [{//sv, X, {a (.))) . {VxJ) (a (.))] 

(3.60) = {//,v, X, (a (s))) ■ V,,(,) (Vx^Y) + V,,(,)X,) • (Vx^Y) {a (s)) . 

Now 

and so again using Proposition 13 . 481 
(3.61) 

{//sv, X, (a (s))) ■ V,.(,) (Vx.r) = V^,(^)^//^^y + X. (a (s))) • V.,(,)x,F. 

Taking \7 /ds of Eq. shows 

= {//,v, V,,(,)X,)X, (a (s)) + {//sV, X, {a (s))) V,,(,)X,. 

and so 

(3.62) (//sV, X, (a (s))) ■ V,,^s)xJ = -{//sV, V,,(s)X^) ■ {V xY) [a) (s) . 

Assembhng Eqs. ijllFT]! and (j?:^ proves Eq. 

Second proof. Let {i?i}iLi be an orthonormal frame near cr (s) , then 

J V//^„y - J E, {a (s))) . (V^,.r) {a (.))] 

(3.63) = V,,(,)i?,) • (VB,y) (a (s)) + {//,v, (a (s))) • V,,(,) V^.F. 
Working as in the first proof, 

{//sV, E., {a (s))) ■ V.,(,)VB,y = {//sV, E., {a (.))) • (v^,(^)^^r + Vv„,,,,iJ,r) 



and using 



= J^//sV = (//.i;, V,-(,)S,) • E, {a is)) + {//sV, E, (a (s))) ■ V,,(s)E, 
we learn 

{/Uv, E, {a (s))) ■ V.,(,)Vi,.y = ^l,is)^//^.Y - {//sV, V„,(s)E,) ■ {V eJ) [a (s)) . 

This equation combined with Eq. H3.63|l again proves Eq. H3.58|l . ■ 

The remainder of this section discusses a covariant derivative on M X which 

"extends" V defined above. This will be needed in Section |S1 where it will be 
convenient to have a covariant derivative on the normal bundle: 

N{M) := UrneMilm} x r„Af^) C M x . 

Analogous to the definition of V on TM, it is reasonable to extend V to the 
normal bundle N{AI) by setting 

= {a{s),Q{a{s))v'{s)) = {a{s),v'{s) + dP(<j' {s))v{s)), 

as 

for all smooth paths s — > V{s) = {a{s),v{s)) in N{M). Then this covariant deriva- 
tive on the normal bundle satisfies analogous properties to V on the tangent bundle 
TM. The covariant derivatives on TM and N (M) can be put together to make a 
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covariant derivative on M x M^. Explicitly, if V{s) = {a{s),v{s)) is a smooth path 
in M X R^, let p{s) P(cr(s)), q{s) := Q(cr(s)) and then define 



Since 



+ -^{qis)v{s)} + p'is)q{s)vis)) 

= (c7(s),i;'(s) + q'{s)p{s)v{s) + p' {s)q{s)v{s)) 
= Hs),v'{s) + dQ{(7'{s))P{a{s))v{s) + dP(a'(s))Q(a(s))t-(s)) 
we may write W{s)/ds as 

(3.64) = + r(c7'(.))<s)) 
where 

(3.65) T{wm)v := dQ{wm)P{'m)v + dP{wm)Q{'m)v 

for all w„i e TA/ and w e M^. 

It should be clear from the above computation that the covariant derivative 
defined in (|3.64() agrees with those already defined on TM and N(M). Many of the 
properties of the covariant derivative on TM follow quite naturally from this fact 
and Eq. ifTMjl . 

Lemma 3.56. For each Wm G TM, T{wm) is a skew symmetric N x N - matrix. 
Hence, if u{s) is the solution to the differential equation 

(3.66) u'{s) + T{cr'{s))u{s) = with u(0) = /, 
then u is an orthogonal matrix for all s. 

Proof. Since F = dQP + dPQ and P and Q are orthogonal projections and 
hence symmetric, the adjoint F*'' of F is given by 

F"' = PdQ + QdP = -dPQ - dQP = -F. 

where Lemma 13 . 3UI was used in the second equality. Hence F is a skew-symmetric 
valued one form. Now let u denote the solution to (|3.66l) and A{s) := F((t'(s)). 
Then 

= i-AuY'u + u^'{-Au) = u''{A - A)u = 0, 

ds 

which shows that u^'^{s)u{s) ~ 'u*''(0)u(0) — 1. ■ 
Lemma 3.57. Let u he the solution to iS.66}} . Then 

(3.67) M(s)(r,(o)M) =T,(,)M 
and 

(3.68) u(s)(T,(o)Af)^ =T,(,)M^. 

In particular, if v S Tcr(o)M {v E Tcr(o)M-^) then V{s) := {a{s),u{s)v) is the parallel 
vector field along a in TM (iV(M)) such that V{0) — ^^(o)- 
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Proof. By the product rule, 

(3.69) 4{w"'^ (^) u} = u*'{r {a') P (a) + dP {a') - P {a)T [a'))u. 

as 

Moreover, making use of Lemma l3. 301 

r{a')P{a)-P{a)T{a')+dP{a') 

= dP (a') + [dQ{a')Pia) + dPia')Q{a)] P (a) 

- P (a) [dQ{a')P{a) + dP{a')Q{a)] 
= dP (cr') + dQ{a')P{a) - dP{a')Q{a) 
= dP {a') + dQ{a') = 0, 

which combined with Eq. (|3.t)9|) shows ^{u*''P (cr) u\ = 0. Therefore, 

v}\s)P{a{s))u{s)^P{am 
for aU s. Combining this with Lemma 13.561 shows 

P{a{s))u{s)^u{s)P{am. 

This last equation is equivalent to Eq. (|3.67l) . Eq. (|3.68() has completely analogous 
proof or can be seen easily from the fact that P + Q = I. ■ 

3.7. More References. I recommend [HS] and 02] for more details on Riemannian 
geometry. The references, P [H EH El El HJUl CTTl [112 , 113, 114, 147 and 
the complete five volume set of Spivak's books on differential geometry starting 
with I 162j are also very useful. 

4. Flows and Cartan's Development Map 

The results of this section will serve as a warm-up for their stochastic counter 
parts. These types of theorems will be crucial for the path space analysis results to 
be developed in Sections H and |H1 below. 

4.1. Time - Dependent Smooth Flows. 

Notation 4.1. Given a smooth time dependent vector field, (t,r7i) Xt (m) S 
TmM on a manifold M, let T^{m) denote the solution to the ordinary differential 
equation, 

^T^{m) ^ Xto T^{m) with {m) = m. 

If X is time independent we will write e*"^(m) for T^{m). We call the flow 
of X. See Figure HI 

Theorem 4.2 (Flow Theorem). Suppose that Xt is a smooth time dependent vector 
field on M. Then for each ni G M, there exists a maximal open interval J,„ C M 
such that G J„i and t — > (m) exists for t G Jm- Moreover the set D {X) := 
Um {Jm X I'm}) C M X M is open and the map {t, m) G V {X) (m) G M is a 

smooth map. 

Proof. Let Yt be a smooth extension of Xt to a vector field on E where E is the 
Euclidean space in which M is imbedded. The stated results with X replaced by 
Y follows from the standard theory of ordinary differential equations on Euclidean 
spaces. Let denote the fiow of Y on E. We will construct by setting 
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Figure 10. Going with the flow. Here we suppose that X is a 
time independent vector field which is indicated by the arrows in 
the picture and the curve is the corresponding flow Hne starting at 
m e M. 



(m) :— (m) for all m G M and t G Jm- In order for this to work we must 
show that (m) G M whenever m G M. 

To verify this last assertion, let x be a chart on M such that m & D (x) , then 
a {t) solves a (t) = Xt (cr (t)) with a (0) = m iff 

^ [x o cr {t)] = dx {& (t)) = dx {Xt (cr {t))) = dx {Xt o x~'^ {xoa {t))) 

with xoa (0) = m. Since this is a differential equation for xoa [t) G TZ {z) and TZ (z) 
is an open subset , the standard local existence theorem for ordinary differential 
equations implies xoa{t) exists for small time. This then implies a {t) G M exists 
for small t and satisfies 

a (t) = Xt (a (t)) = Yi (cr {t)) with a (0) = m. 

By uniqueness of solutions to ordinary differential equations, we must have 
TJ {m) = a {t) for small t and in particular (m) G M for small t. Let 

T := sup {tG Jm-- TJ (m) e M for < s < t] 

and for sake of contradiction suppose that [0,t] C Jm- Then by continuity, 
(to) G M and by repeating the above argument using a chart x on M cen- 
tered at (to) , we would find that T^{m) G M for i in a neighborhood of r. This 
contradicts the definition of r and hence we may conclude that r is the right end 
point of Jm. A similar argument works for t G Jm with t <0 and hence (to) G M 
for alH G Jm. ■ 

Assumption 1 (Completeness). For simplicity in these notes it will always be 
assumed that X is complete, i.e. Jm = K for all to G M and hence V (X) =RxM. 

This will be the case if, for example, M is compact or M is imbedded in and the 
vector field X satisfies a Lipschitz condition. (Later we will restrict to the compact 
case.) 

Notation 4.3. For g,hG Diff(M) let Adgh := goho g-^. We will also write Adg 
for the linear transformation on F {TM) defined by 

AdgY = loAdge^^ = ^logoe'"" og-^ =g, {Y o g-^) 
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:r/^, = Xt o r,^, with T^^, = zd. 



for all y e r (TM) . (The vector space T [TM) should be interpreted as the Lie 
algebra of the diffcomorphism group, DifF(M).) 

In order to verify is invertible, let T/^ denote the solution to 

d . 
di' 

Lemma 4.4. Suppose that Xt is a complete time dependent vector field on M, then 
€ Difr(M) for all t and 

(4.1) (t-)-^=t-=t;"v^-^-^", 

where 

(^Adf^rpxyiX^ ^ :— Ad^^xy^Xt- 

Proof. If s,t,u£ M, then St T^^s ° T^u solves 

St^Xto St with Ss = T^u 

which is the same equation that t — > T^^ solves and therefore T/^ = T/^ o T^^. In 
particular, T(^t is the inverse to T/^. Moreover if we let := T/^ and St := Tt~^ 
then 

= —id ^ — [Tto St] ^ Xt o Tt o St + Tt*St. 
dt dt 

So it follows that St solves 

St = -Tt'.^Xt oTtoSt = - (^Ad^-iXt) o St 

which proves the second equality in Eq. (|4.1(l . ■ 

4.2. Differentials of . In the later sections of this article, we will make heavy 
use of the stochastic analogues of the following two differentiation theorems. 

Theorem 4.5 (Differentiating m — > i^))- Suppose V is the Levi-Civitc? co- 
variant derivative on TM and Tt — as above, then 

(4.2) ^Tt,v = Vr^.vXt for all v € TM. 
dt 

If we further let m e Af, / / 1 — / / 1 {t ^ Tr (m)) be parallel translation relative to 
V along the flow line t T^. (m) and Zt := / j^^Tt^rm then 

(4.3) j^ztv = //i^V,,^,^,Xt for all v G T,„M. 
(This is a linear differential equation for Zt G End {T„iM) .) 

Proof. Let a [s) be smooth path in AI such that a' (0) = w, then 

= ^\oXt{Tt{a{s))) = VT„vXt 
ds 

wherein the second equality we have used V has zero torsion. Eq. (|4.3|l follows 
directly from Eq. (|4.2|l using ^ = //t^//t~^i see Lemma ■ 

^Actually, for those in the know, any torsion zero covariant derivative could be used here. 
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Remark 4.6. As a warm up for writing the stochastic version of Eq. H4.3(l in Ito 
form let us pause to compute ^C^Tt^vY) for Y e T (TM) . Using Eqs. 
(I?37jl and of Proposition ESI 



= + i^t {Tt (m)) , Tt^v) Y (T* M) + Vy^^.^x.^ 

(4.4) = i?^ (Xt (Tt (m)) , Tt.w) y {Tt (m)) + Vt,.. (Vx,1^) • 

Theorem 4.7 (Differentiating T/*^ in X). Suppose {t,in) Xt (to) and {t,rn) 
Yt (m) are smooth time dependent vector fields on M and let 

(4.5) dyTi" := ;f |or,^+^^. 

as 

Then 

(4.6) 9yT,^ = / {T^,y' Yr o dr - T.f / Ad-iF.dr. 

Jo Jo 

This formula may also be written as 

(4.7) dyT^ = (^j^ Ad^xYrdT^ o T^ ^ (^j^ Adj^x^^^xyiYrdT^ o T^. 



Proof. To simphfy notation, let Tt := T^ and define V( := (T^f) ^ dyT^ . 
Then Vq = and ^yT/^ = Tjf Ft or equivalently, for aU / e C°°(M), 

Given / e C°°(M), on one hand we have 

^^lo/ ° r,^+^^ = I [Vtif o Tt"")] ^ Vtif o Tt"") + VtiXtf o Tt^) 



(TliVt)f + Vt{XtJoTt 



while on the other hand 

^lo|/ ° T^'"' = ^lo [{{Xt + sYt) f) o r,^+^n = {Ytf) o T^ + Vt (Xtf o T,^) 

= (rt o T,^) / + 14 (xj o r/f ) . 

Since [;^,^|o] =0, the previous two displayed equations imply (r^Vt^ f = 
{Yt o T/^) / and because this holds for aU / e C°°(M), 

(4.8) Tt'tVt^YtoTt''. 
Solving Eq. H4.8|l for Vt and then integrating on t shows 

Vt = / {T^.y'YroT^dr. 
Jo 

which along with the relation, dyT^ — T^Vt, imphes Eq. H4.6|) . 
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We may now rewrite the formula in Eq. (|4.6|l as 



^ Adrpx Ad;^lYrdT^ oT^ = (^j^ Adj.x^(^TxyiYrdT^ oT^ 

Adj^x Yrdr^ o 

which gives Eq. 14.7|l . ■ 

Example 4.8. Suppose that G is a Lie group, g :— Lie (G) , At and Bt are two 
smooth - valued functions and gf & G solves the equation 

j^gf = At {gf) with g^ = eeG 

where At (x) :— Lx*At is the left invariant vector field on G associated to At £ 
0, see Examples lOl and ISTfl Then 



dsgt = Rgf* / AdgABrdT 
Jo 



where 

AdgA = Rg-i^Lg^,A for all g £ G and A G g. 
Proof. Let denote the flow of At- Because At is left invariant, 

Tf" (x) = xg^ = RgAX 
as the reader should verify. Thus 

dsgt = deTt^ (e) = / o i?^^ (e) dr 

Jo ^ 

^RgA^f {RgA^y Br {g^) dr ^ RgA, f {RgA^y' LgA^Brdr 
Jo Jo 

= RgA^ / AdgABrdT. 
Jo 

The next theorem expresses [Xt , F] using the flow . The stochastic analog of 
this theorem is a key ingredient in the "Malliavin calculus," see Proposition 18. 14l 
below. ■ 

Theorem 4.9. If Xt and are as above and Y eV (TM) , then 

(4.9) I [(r,f)-VoT,^] = (T,f)-M^.,>^]°r,^ 

or equivalently put 

d_ 

It 

where LxY := [X,Y] . 



(4.10) u^rf^i = ^rf^Ux, 
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Proof. Let Vt := (Tif Y o T^-^ which is equivalent to T^^Vt = Y o , or 
more exphcitly to 

Yf o = (y o T^) f = (r,f f^Vt{fo T^) for all / G C°°(M). 
Differentiating this equation in t then shows 

{XtYf) o T,^ = (/ o T^) + (xj o T^) 
= (r,fT4)/ + (yor/^)xj 

Therefore 

from which we conclude T^,Vt = [Xu Y] o T/^ and therefore 

y = (T,f)"'[Xt,r]oT,^. 

■ 

4.3. Cartan's Development Map. For this section assume that M is compact'^ 
Riemannian manifold and let W°°{TqM) be the collection of piecewise smooth 
paths, b : [0,1] ToM such that 6(0) = Go € ToM and let W^{M) be the 
collection of piecewise smooth paths, a : [0, 1] ^ M such that cr (0) = o e M. 

Theorem 4.10 (Development Map). To each b E W°° (TqM) there is a unique 
a e W^{M) such that 

(4.11) a'{s) := {a{s),da{s)/ds) = //,{a)b'{s) and cr(0) = o, 
where / /s{cr) denotes parallel translation along a. 

Proof. Suppose that cr is a solution to Eq. (|4.11|) and //s(o')wo — {o,u{s)v), 
where u{s) : ToM — > M^. Then u satisfies the differential equation 

(4.12) u' {s)+dQ{a'{s))u{s) ^0 with u(0) = uo, 

where uav := v for all v E TqM, see Remark 13.541 Hence Eq. (|4.11f) is equivalent 
to the following pair of coupled ordinary differential equations: 

(4.13) cr' (s) = u{s)b'{s) with ct(0) = o, 
and 

(4.14) u' {s)+dQ{{a{s),u{s)b'{s))u{s) =0 with u{0) = uq. 

Therefore the uniqueness assertion follows from standard uniqueness theorems for 
ordinary differential equations. The slickest prove of existence to Eq. 14.11|l is to 
first introduce the orthogonal frame bundle, O (M) , on M defined by O (M) := 
UmGJ\/Om(M) where Om(M) is the set of all isometrics, u : ToM T^M. It is then 
possible to show that O (M) is an imbedded submanifold in x Hom (toM, M^) 
and that coupled pair of ordinary differential equations (|4.13|) and H4.14|l may be 
viewed as a flow equation on 0{M). Hence the existence of solutions may be deduced 

■^It would actually be sufficient to assume that Af is a "complete" Riemannian manifold for 
this section. 
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from the Theorem 14. 21 see, for example, [32| for details of this method. Here I will 
sketch a proof which does not require us to develop the frame bundle formalism in 
detail. 

Looking at the proof of Lemma 12.301 Q has an extension to a neighborhood 
in of m e M in such a way that Q{x) is still an orthogonal projection onto 
Nul(F'(a;)), where F{x) = zy{x) is as in Lemma [2.301 Hence for small s, we may 
define a and u to be the unique solutions to Eq. H4.13(l and Eq. (|4.14|l with values in 
and Hom(roAf, R^) respectively. The key point now is to show that a{s) E M 
and that the range of u{s) is t^^s)^- 

Using the same proof as in Theorem 13. 5 21 w{s) := Q{a{s))u{s) satisfies, 

w' = dQ {a') u + Q{a)u' = dQ (a') u - Q (a) dQ{a')u 
= P (a) dQ {a') u ^ dQ {a') Q{a)u^ dQ {a') w, 

where Lemma 13.301 was used in the last equality. Since w{0) — 0, it follows by 
uniqueness of solutions to linear ordinary differential equations that w = and 
hence 

Ran[M(s)] C Nul [(9(cr(s))] = Nul [F'{a{s))] . 

Consequently 

dF{a{s))/ds = F'{(T{s))d(j{s)/ds = F' {a{s))u{s)b' (s) = 

for small s and since F(cr(0)) = F{o) = 0, it follows that F{a{s)) = 0, i.e. cr(s) G M. 
So we have shown that there is a solution (cr, u) to (|4.13(l and (|4.14|1 for small 
s such that a stays in M and u{s) is parallel translation along s. By standard 
ordinary differential equation methods, there is a maximal solution (ct, u) with these 
properties. Notice that (cr, it) is a path in M x Iso(ToM,R^), where Iso(roM,K^) 
is the set of isometrics from TqM to M^. Since M x Iso(ToM, R^) is a compact 
space, (cr, u) can not explode. Therefore (cr, u) is defined on the same interval where 
b is defined. ■ 
The geometric interpretation of Cartan's map is to roll the manifold M along a 
freshly painted curve b in TqM to produce a curve a on M, see Figure [TT1 

Notation 4.11. Let : W°°{ToM) -> W^{M) be the map b ^ a, where cr is 
the solution to H4.11|l . It is easy to construct the inverse map 5* := (p^^. Namely, 
^(cr) — b, where 

vl/,(a) =6(s) r //r{a)-'a'{r)dr. 
Jo 

We now conclude this section by computing the differentials of ^ and (j). For more 
details on computations of this nature the reader is referred to [461 IT7| and the 
references therein. 

Theorem 4.12 (Differential of 'i'). Let {t,s) — > S(t, s) be a smooth map into M 
such that i;(t, •) G W^{M) for all t. Let 

H{s) := ±iO,s) := (S(0, s), rfE(t, s)M|t=o), 

so that H is a vector-field along a :— S(0, •). One should view H as an element of 
the "tangent space" to W^'{AI) at cr, see Figure Let u{s) //s{<j), h{s) :— 
/ / s{(tT'^H{s) b := *s(ct) and, for all a, c G T^Af, let 

(4.15) (i?„(a, c))(s) u{s)-^R{u{s) a, u{s)c)u{s). 
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Figure 1 1 . Monsieur Cartan is shown here rolhng, without "shp- 
ping," a manifold M along a curve, b, in TgM to produce a curve, 
cr, on M. 



Then 
(4.16) 



d^{H) = d'ib{E{t, ■))/dt\t=o = h + 



{h, 6b) 6b 



where 6b{s) is short hand notation for b'{s)ds, and jQf6b denotes the function 
s Jq f(r)b'{r)dr when f is a path of matrices. 




,a-2(t,') 



Figure 12. A variation of a giving rise to a vector field along a. 

Proof. To simplify notation let " • "= ^|o, " ' "= ^, B{t,s) := 
U{t, s) •)), u{s) //,(a) = C/(0, s) and 

b{s) := (d*(i?))(s) := dB{t,s)/dt\t^o- 

I will also suppress {t, s) from the notation when possible. With this notation 

(4.17) S' = UB', t = H = uh, 
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and 
(4.18) 



W 

ds 



In Eq. (gUl), ^ : T^M T^M is defined by ^ = P (S) U' or equivalently by 



VU _V{Ua) 



for all a e ToA/. 



Taking V/dt of (|4.17l) at < = gives, with the aid of Proposition l3.32l 
VJ7, 



dt 



\t=oh' + uh' ^ WY.'/dt\t=o = VS/ds = w/i'. 



Therefore, 
(4.19) 

where A :~ 



y = h' + Ab', 



TT-l VU \ : „ 



Taking V/ds of this last equation and using \7u/ds 
13.321 gives 



ds dt 



U 



along with Proposition 
R{a',H)u 



ds ' d^ 

and hence A' Ru{h,b'). By integrating this identity using A(0) = 
{VU{t,0)/dt = since U{t,0) := //o(S(t, •)) = / is independent oft) shows 



(4.20) 



A 



Ru{h,Sb) 



The theorem now follows by integrating H4.19|l relative to s making use of Eq. ()4.20fl 
and the fact that b{0) = 0. ■ 

Theorem 4.13 (Differential of (f)). Let b,k e W°°{ToM) and {t,s) B{t,s) 
be a smooth, map into ToM such that B{t,-) e W°°{TqM) , B(0, s) = 6(s), and 
B(0, s) = fc(s). (For example take B{t, s) = b{s) + tk{s).) Then 

Mh) ■.= j^\^<p{B{t,-)) = ll.{cj)h, 

where a := (j){b) and h is the first component in the solution (h, A) to the pair of 
coupled differential equations: 

(4.21) k' = h' + Ab', with h{0) = 
and 

(4.22) A' = Ruih,b') with A{0) = 0. 

Proof. This theorem has an analogous proof to that of Theorem 14.121 We can 
also deduce the result from Theorem 14 . 1 21 bv defining E by S(t, s) := (j)s{B{t, •)). 
We now assume the same notation used in Theorem 14.121 and its proof. Then 
B{t, •) = «'(S;(t, •)) and hence by Theorem 

'(/ Ru{h,5b))6b. 



k=-\o^[^{t,-))=d^{H) = h 

Therefore, defining A :— Ru{h, Sb) and differentiating this last equation relative 
to s, it follows that A solves (I4.22f) and that h solves H4.21|l . ■ 
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The following theorem is a mild extension of Tlieorem l4.12l to include the possi- 
bility that S(i, •) ^ W^^{M) when t ^ 0, i.e. the base point may change. 

Theorem 4.14. Let {t, s) ~> s) be a smooth map into M such that a := 
E(0,-) e W^\M). Define H{s) := dT,{t, s)/dt\t^o, a := S(0, •), and h{s) := 
/ /s{cr)~^H(s). (Note: H{0) and h{0) are no longer necessarily equal to zero.) Let 

U{t,s) :=/A(S](i,.))/A(S(.,0)) :T„A/^Ts(t,,)Af, 

so that VU{t,{))/dt = and VU{t,s)/ds = 0. Set B{t,s) j'^U{t,r)-^Y.'{t,r)dr, 
then 

(4.23) b{s):^j^\oB{t,s) = hs+J^ (^J^Ruih, Sb)^ 5b, 

where as before b :— ^'(cr). 

Proof. The proof is almost identical to the proof of Theorem 14.121 and hence 
will be omitted. ■ 



5. Stochastic Calculus on Manifolds 

In this section and the rest of the text the reader is assumed to be well versed 
in stochastic calculus in the Euclidean context. 

Notation 5.1. In the sequel we will always assume there is any underlying filtered 
probability space (17, {J^j}s>o, -^i A*) satisfying the "usual hypothesis." Namely, J-' 
is fi - complete, J-s contains all of the null sets in and J-^ is right continuous. As 
usual E will be used to denote the expectation relative to the probability measure 
11. 

Definition 5.2. For simplicity, we will call a function E : xfl ^ V (V a. vector 
space) a process if = E(s) :— S(s, •) is - measurable for all s G M+ :— [0, oo), 
i.e. a process will mean an adapted process unless otherwise stated. As above, we 
will always assume that M is an imbedded submanifold of with the induced 
Riemannian structure. An M - valued semi-martingale is a continuous Re- 
valued semi-martingale (E) such that E(s,a;) G M for all {s,uj) G K+ x fi. It will 
be convenient to let A be the distinguished process: A (s) — Xs := s. 

Since / G C°°{M) is the restriction of a smooth function F on M^, it follows 
by Ito's lemma that / oE = FoEisa real-valued semi-martingale if E is an M 
- valued semi-martingale. Conversely, if E is an M - valued process and / o E is 
a real- valued semi- martingale for all / g C°°{AL) then E is an M - valued semi- 
martingale. Indeed, let e) be the standard coordinates on M^, then 
E* := X* o E is a real semi- martingale for each i, which implies that E is a Re- 
valued semi-martingale. 

Notation 5.3 (Fisk-Stratonovich Integral). Suppose F is a finite dimensional vec- 
tor space and 

TT = {0 = So < Sl < S2 < • • • } 

is a partition of R+ with lim„^oo ~ oo. To such a partition tt, let |7r| := 
supj |si+i — Si| be the mesh size of tt and sAsi :— min{s, Si}. To each Hom (R^, V) 
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- valued semi- martingale Zt and each M ~ valued semi-martingale Et, the Fisk- 
Stratonovich integral of Z relative to S is defined by 

/ Z8Yj = lim / — {Zs/\si + Zs/\Si^i) (SsAsi+i — S^as;) 
Jo 



where 



„s oo 

/ ZrfE = lim Zs/\si{^s/\si+i - ^sAsi) G V 
Jo M-^o'H 



i=0 

is the Ito integral and 



[Z, Ejs = / dZdJ: := lim (ZsAsi - ZsAsi+i) (Ssas,+i - ^sas,) € F 
Jo KHo 

is the mutual variation of Z and S. (All limits may be taken in the sense of 
uniform convergence on compact subsets of in probability.) 

5.1. Stochastic Differential Equations on Manifolds. 

Notation 5.4. Suppose that {X^j-Lo ^ T (TM) are vector fields on M. For a e R" 

let 

n 

Xa (to) := X (m) a := ^ GiX^ (to) 
1=1 

With this notation, X{m) : R" T„iM is a linear map for each to e M. 

Definition 5.5. Given an R" - valued semi-martingale, /3s, we say an M - valued 
semi-martingale solves the Fisk-Stratonovich stochastic differential equation 



(5.1) ^E, ^ X (E,) (5/3, + (E,) := ^ X, (E,) 6(31 + (S,) ds 

1=1 

if for aU / e C°°(Af), 

n 

5/ (E,) = (^*/) (^^) '^'3: + Xof (E,) ds. 



1=1 

i.e. if 



/ (E,) = / (Eo) + V / (XJ) (E,) 6pl. + / Xof (E,) dr. 
,=1 -'o Jo 

Lemma 5.6 (Ito Form of Eq. H5.1|l ). Suppose that (3 = B is an R" - valued Brow- 



man 



motion and let L := 5X]i=i -^t + -^o- Then an M - valued semi-martingale 



Es solves Eq. 1^5.1]) iff 

(5.2) /(E,) = /(Eo)-f V / {X,f ){^r)dBl+ Lf i^r) dr 

„_i Jo Jo 



for all f e C°°(Af). 
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Proof. Suppose that Ss solves Eq. (|5.1(l . then 

n 

d [(XJ) (S,)] - (XjX,/) (E,) SBl + XaXJ (E,) 

n 

= ^(X,XJ) (E,,)rfi?f 
where BV denotes a process of bounded variation. Hence 

/•S ^ /'S -1 /"S 

/ (xj) (E,) sBi^y2 (^»/) (^'■) dBi + - d [{xj) (E,,)] ds; 

Jo j^^i Jo ^ Jo 

^ ps 1 ^ /"^ 

= E /' (^»/) (S') + ^ E (^'■) 

Similarly if Eq. holds for all / e (M) we have 

d [(XJ) (S,)] = (XjXJ) (E,) dBi + LX,f (E,) ds 

and so as above 

Solving for i^if) (E^) (iiJ^ ^-^^ putting the result into Eq. (|5.2|) shows 

/ (S,) = / (Eo) + E / J) i^r) SBI-- E (^'^) '^^ + / ^/ (^'■) 
, = 1^0 ^Jo 7o 

= f (Eo) + E / i^^f) i^r) 5BI + / Xof (E,) dr. 

■ 

To avoid technical problems with possible explosions of stochastic differential 
equations in the sequel, we make the following assumption. 

Assumption 2. Unless otherwise stated, in the remainder of these notes, M will 
be a compact manifold imbedded in := M.^ . 

To shortcut the development of a number of issues here it is useful to recall 
the following Wong and Zakai type approximation theorem for solutions to Fisk- 
Stratonovich stochastic differential equations. 

Notation 5.7. Let {Bs}se[o,T] be a standard M" — valued Brownian motion. Given 
a partition 

TT = {0 = So < Sl < S2 < ... < Sfc = T} 

of [0,T], let 

|7r| = max {si — Si-i : i = 1, 2, . . . , fc} 

and 

A i? 

B^{s) = i?(s,-i) + (s - Si^i)—^ if s e (si_i, Sj], 
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where AiB :— B{si) — B{si-i) and AiS :— Si — Si-i. Notice that Bt^ (s) is a 
continuous piecewise linear path in M". 

Theorem 5.8 (Wong-Zakai type approximation theorem). Let a E M^, 

/ : M" X ^ Hom(M", R^) and fo : M" x R^ R^ 

be twice differ entiahle functions with bounded continuous derivatives. Let n and 
Btt be as in Notation \5. 7| and ^7r(s) denote the solution to the ordinary differential 
equation: 

(5.3) Cis) = fiB4s),Us))BU-^) + fo{BAs),Us)), C.(0) = a 

and ^ denote the solution to the Fisk-Stratonovich stochastic differential equation, 

(5.4) d^s^fiBs,^s)SBs + foiBs,^s)ds, ^ a. 

Then, for any 76 (0, ^) and p E [1, 00), there is a constant C{p, 7) < cxd such that 



(5.5) hm E 



sup \£.Tr{s) - 

s<T 



<C{p,j)\7TpP. 



This theorem is a special case of Theorem 5.7.3 and Example 5.7.4 in Kunita 
|115| . Theorems of this type have a long history starting with Wong and Zakai 
[1781 1179| . The reader may also find this and related results in the following partial 
list of references: [TOl [HI 1201 El El EZI IIHl IlOi IMI III3 
[n3.,134, 139, IinillinillMlinilinSlinSinSl- AIso see PESI and the references 
therein for more of the geometry associated to the Wong and Zakai approximation 
scheme. 

Remark 5.9 (Transfer Principle). Theorem 15.81 is a manifestation of the transfer 
principle (coined by Malliavin) which loosely states: to get a correct stochastic 
formula one should take the corresponding deterministic smooth formula and re- 
place all derivatives by Fisk-Stratonovich differentials. We will see examples of this 
principle over and over again in the sequel. 

Theorem 5.10. Given a point m E M there exits a unique M - valued semi 
martingale S which solves Eq. J^5.1]) with the initial condition, Sq = m. We will 
write Tg (m) for if we wish to emphasize the dependence of the solution on the 
initial starting point m E M. 

Proof. Existence. If for the moment we assumed that the Brownian motion 
Bg were differentiable in s, Eq. H5.1|l could be written as 

— Xs (Ss) with So = m 

where 

n 

X, (m) := (™) (^')' (^) + ^0 (™) 

i=l 

and the existence of could be deduced from Theorem 14.21 We will make this 
rigorous with an application of Theorem 15. 81 
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Let be smooth vector fields on E with compact support such that Yi = Xi 

on M for each i and let B,^ (s) be as in Notation l5.7l and define 

n 

(m) J2 ^» ("^) (^-)' («) + ^0 (m) and 

i=l 
n 

r/(m) :-^i;:(m) (S;)' (s) + Fq M . 

i=l 

Then by Theorem 14.21 we may use X"^ and to generate (random) flows T'^ := 
T-^ on M and := on E respectively. Moreover, as in the proof of Theorem 
14.21 we know T^{m) — T^{m) for all m e M. An application of Theorem 15 . 81 now 
shows that Ss ■— Ts{m) := lim|^|^oT7(™) — lini|7r|^o G ^'^ exists"' and 

satisfies the Fisk-Stratonovich differential equation on E, 

n 

(5.6) dS, = XI ^» (^^5) '^^^ + ^0 (^^) ^i*^ ^0 = 

4=1 

Given / e C°°(M), let F G C°°(i;) be chosen so that / = F\m- Then Eq. (|5S|) 
implies 

n 

(5.7) d [^^ (E,)] = X (S,) ,5B: + YoF (E,) ds. 

i=l 

Since we have already seen e Ai^ and by construction Yi = Xi on M, we have 
F (E^) = / (E^) and Fii^ (E^) = XJ (E^) . Therefore Eq. ^tj^ implies 

n. 

d [f (E,)] = ;X XJ (E,) ^Bj + Fo^^ (S.) ds, 

4=1 

i.e. Es solves Eq. (|5.1|l as desired. 

Uniqueness. If E is a solution to Eq. (|5.1|) . then for G C°°{E), we have 

n 

(E,) = X X,^^ (E,) SBl + XoF (E,) ds 
1=1 

n 

= X (E,) SBl + YoF (E,) ds 
1=1 

which shows, by taking F to be the standard linear coordinates on E, E^ also solves 
Eq. (|5.6|l . But this is a stochastic differential equation on a Euclidean space E with 
smooth compactly supported coefficients and therefore has a unique solution. ■ 

5.2. Line Integrals. For a, 6 G M^. let (a, 6)k]v := X^iLi '^i^i denote the standard 
inner product on M^. Also let gl{N) — qI{N, M) be the set oi N x N real matrices. 
(It is not necessary to assume M is compact for most of the results in this section.) 

Theorem 5.11. As above, for m G M, let P [m) and Q{m) denote orthogonal 
projection or M.^ onto TmM and TmM^ respectively. Then for any M - valued 
semi-martingale E, 

= 0(E)(5E and dY, = P (E) JE, 



Here we have used the fact that M is a closed subset of R 
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i.e. 

Jo 

Proof. We will first assume that M is the level set of a function F as in Theorem 
12.51 Then we may assume that 

Q{x) = (t){x)F'{x)*{F'{x)F'{xy)-^F'{x), 

where cj) is smooth function on such that := 1 in a neighborhood of M and the 
support of (f) is contained in the set: {x G 'R^\F'{x) is surjective}. By Ito's lemma 

= do = d{F{T.)) = F'(E)(5I]. 

The lemma follows in this special case by multiplying the above equation through 
by (/)(I])F'(I])*(F'(E)F'(E)*)-i, see the proof of LemmaESOl 

For the general case, choose two open covers {Vi} and {Ui} of M such that each 
Vi is compactly contained in Ui, there is a smooth function Fi e C^{Ui — > M^^"^) 
such that VinM = Vin {F~^{{0})} and Fi has a surjective differential on Vi n M. 
Choose (f>i e C^{R^) such that the support of (j)i is contained in Vi and "^(pi — 1 
on M, with the sum being locally finite. (For the existence of such covers and 
functions, see the discussion of partitions of unity in any reasonable book about 
manifolds.) Notice that (pi • F,; = and that • 0J = on M so that 

Multiplying this equation by where each is a 

smooth function on such that ^P,; = 1 on the support of (pi and the support of 
is contained in the set where F,- is surjective, we learn that 

(5.8) = <^.(I])F/(E)*(i^'(I])F/(E)*)-iF/(I])5I] = 0,(S)g(E)<5S 

for all i. By a stopping time argument we may assume that S never leaves a compact 
set, and therefore we may choose a finite subset / of the indices {«} such that 
^jgj 0i(I])Q(S) = (5(S). Hence summing over i e / in equation 1)5.8(1 shows that 
= Q(i:)ST,. Since Q + P /, it follows that 

= ME = [Q(E) + P(E)] (5E = P (E) (5E. 

■ 

The following notation will be needed to define line integrals along a semi- 
martingale E. 

Notation 5.12. Let P (m) be orthogonal projection of onto t^M as above. 

(1) Given a one- form a on M let a : M (M^)* be defined by 

(5.9) a{m)v := a{{P{m)v)jn) 

for all m e M and v € R^. 

(2) Let r(r*M (g) T*M) denote the set of functions p : UmeMTmM (g) T„M 

R such that pm '■= p\T^M(g)T^M is linear, and m /3(X(m) g) Y{m)) 
is a smooth function on M for all smooth vector-fields X,Y € r{TM). 
(Riemannian metrics and Hessians of smooth functions are examples of 
elements of r{T*M(g) T*M).) 
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(3) For p e T{T*M ® T*M), let p : Af ^ (M^ ® M^)* be defined by 

(5.10) p{m){v (g) w) := p{{P{m)v)„^ ® {P{m)w)^). 

Definition 5.13. Let a be a one form on A/, p e T{T*M(^T*M), and E be an M 
- valued semi-martingale. Then the Fisk-Stratonovich integral of a along E is: 



(5.11) / a{5Y.) / a(E)(5S, 

Jo Jo 

and the Ito integral is given by: 

(5.12) / a(jE) := / a(E)dE, 

Jo Jo 

where the stochastic integrals on the right hand sides of Eqs. H5.11(l and H5.12|l are 
Fisk-Stratonovich and Ito integrals respectively. Formally, dE :— P(E)dE. We also 
define quadratic integral: 

(5.13) [ p(dE®dE):= [ p(E)(dE ® dE) := ^ [ p(E)(e, ® ej)(i[E\ E^], 
Jo Jo ^ .j^i Jo 

where {e^jfl^ is an orthonormal basis for M.^ , E* := (ei,E), and c![E*,E-'] is the 
differential of the mutual quadratic variation of E* and E-' . 

So as not to confuse [E% E^] with a commutator or a Lie bracket, in the sequel 
we will write dEME-'' for d[E% E^]. 

Remark 5.14. The above definitions may be generalized as follows. Suppose that 
a is now a T* M - valued semi- martingale and E is the M valued semi-martingale 
such that e T-^ M for all s. Then we may define 



(5.14) / a((5E) := / a(5E, 

Jo Jo 

and 



(5.15) / a(dE) := / (5dE. 

Jo Jo 

Similarly, if p is a process in T*M (g) T*M such that ps e T^^M (g) T^^M, let 

(5.16) / /9(dE(gdE)= / p(dE(gdE), 
Jo Jo 

where 
and 

AT 

(5.17) dE (g dE = ^ (g ejcLT^'dY.^ 
as in Eq. H5.13|l . 



p,(v (g w;) := p,((P(E,)v)s, (g (P(E,)«)sJ 
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Lemma 5.15. Suppose that a = fdg for some functions f,g (z C°°(M), then 

Jo 

Since, by Corollary \3.4<^ any one form a on M may be written as a = X^iLi fidgi 
with fi,gi G C°°(M), it follows that the Fisk-Stratonovich integral is intrinsically 
defined independent of how M is imbedded into a Euclidean space. 

Proof. Let G be a smooth function on such that g = G\m- Then a{m) = 
f{m)G'{m)P{m), so that 

aiST,) = [ /(S)G'(E)P(S)(5S 

"'0 



[ /(S)G'(E)(5E (by Theorem ICTTi 
Jo 

[ /(S)(5[G(S)] (by Ito's Lemma) 
Jo 

fimgm- (5(s) = G(E)) 



Lemma 5.16. Suppose that p = fdh (g) dg, where f,g,hG C°°{M), then 

p(dE§5dE)- / /(S])d[;i(I]),.g(E)] =: / /(E)d [/.(E)] d [g(E)] . 
Jo Jo 

Since, by an argument similar to that in Corollary \3.4^S\ any p G T(T*M (g) T* M) 
may be written as a finite linear combination p — 'Ylii.fidhi ® dgt with fi,hi,gi S 
C°°{M), it follows that the quadratic integral is intrinsically defined independent of 
the imbedding. 

Proof. By Theorem lETTl SY. = P(E)(5E, so that 

I (e.,P(E)dE)+P.y. 
Jo 

= Ej, + ^ / (e„P(E)efe)dS'=+B.y., 
k -^0 

where B.V. denotes a process of bounded variation. Therefore 
(5.18) dp, S^'] = ^(e„ P(S)efc)(e„ P(E)e/)dS'=dS'. 

k,l 

Now let H and G be in G°°(R^) such that h = H\m and g = G\m- By Ito's lemma 
and Eq. fTT^ . 

d[/i(S),5(E)] = ^(i^'(S)e,)(G'(S)e,)dp^E^■] 

= J2 (if'(S)e,)(G'(E)ej)(e^,P(S)efe)(e„P(E)eOrfS'=dE' 

i.,j,k.l 

= ;^(i/'(S)P(S)efe)(G'(E)P(S)eOrfS'=dS'. 

k,l 
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Since 

p(m) /(to) • {H'{m)P{m)) ® {G'{m)P{m)), 
it follows from Eq. (|5.13() and the two above displayed equations that 

I !{^)d[h{^),g{^)] / V/(S])(i/'(E)P(E)efc)(G'(E)P(E)eO(iS'=dS' 
-^0 k,l 

p{T){dY. ® dS) =: / p{dT. 'Si dE) . 







Theorem 5.17. Let a be a one form on M, and be a M - valued semi- 
martingale. Then 

(5.19) / a{5Y)= [ a{dY) + ]-( Va(dS®dE), 

Jo Jo 2 Jo 

where a{vm®Wm) (Vt;,„Q;)(u'm) and Va is defined in Definition \3.40[ also see 
Lemma \3.41\ (This shows that the ltd integral depends not only on the manifold 
structure of M but on the geometry of M as reflected in the Levi-Civita covariant 
derivative V.) 

Proof. Let a be as in Eq. H5.9() . For the purposes of the proof, suppose that 
a : M ^ {R^y has been extended to a smooth function from (M^)*. We 

still denote this extension by a. Then using Eq. (|5.18|l . 

/ a((5E) [ a(E)(5E 
Jo Jo 

= / a(E)dE + i / (5'(S)(dE)dS 
Jo 2 Jo 

= / «(dS) + i V / 5'(E)(eOe,(e„P(I])efc)(e„P(I])eOdS'dS' 

= / a(dS) + iV / a'(E)(P(S)efc)P(I])eidI]'=dI]' 

= / a(dE) + iv/ da((P(S)efc)s)P(S)e,dS'=dS'. 
•^0 ^ k,i -^0 

But by Eq. (|3.45|) . we know for all w,„, e TA'/ that 

'Va{vm S Wm) = da{vm)w — a{m)dQ{vm)w. 

Since a{m) ~ a{ni)P{m) and PdQ = dQQ (Lemma 13. 3UII . we find 

a{m)dQ{vrn)w = 6i{rn)dQ(vm)Q('rn)w = V Vm,Wm G TM. 

Hence combining the three above displayed equations shows that 

/ a{5Y)= f a(rfS) + iV / Va((P(E)efc)s(»(P(S)e/)s)rfE'=dE' 
^0 Jo ki •'^ 

= / a(Jl]) + iV / Va(dl]®dl]). 
Jo ^ 1.1 Jo 
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Corollary 5.18 (Ito's Lemma for Manifolds). Ifu e ((0,T) x M) and S is an 

M— valued semi-martingale, then 

d [u (s, E^)] = (dsu) (s, Ss) ds 

(5.20) + dM [u {s, •)] (dS,) + i (VdA/u (s, •)) (d^s dS,), 

where, as in Notation \2.2IA dMU (s, •) is being used to denote the differential of the 
map: m Cz M ^ u{s, m) . 

Proof. Let U e C°°((0 , T) x R^) such that m (s, ■) = U (s, •) |m- Then by Ito's 
lemma and Theorem 15. Ill 

d [u (s, S,)] = d [[/ (s, S,)] = (a,f/) (s, E,) ds + De(7(s, S,)5S, 
= {dsU) (s, E,) + D^U{s, E,)P(E,)^E, 
= ((9sw) (s, Es) ds + dAf [u (s, •)] ((5Es) 
= (dsu) (s, Es) ds + dAf [u (s, •)] (dE^) 

+ i(VdA./u(s,-))(dE, ®dE,), 

wherein the last equality is a consequence of Theorem 15.171 ■ 

5.3. M — valued Martingales and Brownian Motions. 

Definition 5.19. An M - valued semi-martingale E is said to be a (local) mar- 
tingale (more precisely a V-martingale) if 

(5.21) / d/(dE) = /(E) - /(Eo) -If Wdfid^ ® dE) 
Jq ^ Jo 

is a (local) martingale for all / G C°°(M). (See Theorem 15 . 1 71 for the truth of the 
equality in Eq. H5.21|l .) The process E is said to be a Brownian motion if 

(5.22) /(E)-/(Eo)-i^ A/(E)dA 

is a local martingale for all / G C°°{M), where A(s) :— s and A/(E)dA denotes 
the process s — > Af{'S)d\. 

Theorem 5.20 (Projection Construction of Brownian Motion). Suppose that 
B = [B^ , , . . . , B^^ is an N - dimensional Brownian motion. The there is a 
unique M - valued semi-martingale E which solves the Fisk-Stratonovich stochastic 
differential equation, 

(5.23) (5E = P{T,)5B with Eq = o e M, 

see Figure POI Moreover, E is an M - valued Brownian motion. 

Proof. Let {ci}^^^ be the standard basis for and Xi (m) := P (m) S T^M 
for each i — 1,2, . . . , N and m E M. Then Eq. (|5.23|l is equivalent to the Stochastic 
differential equation., 

N 

(5E = ^JS(:,(E)(5B' with Eo = oeM 
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Figure 13. Projection construction of Brownian motion on M. 



which has a unique solution by Theorem 15. lUI Using Lemma l5.6l this equation may 
be rewritten in Ito form as 

N N 
1=1 i=l 

This completes the proof since X^iLi -^I = ^ by Proposition 13.481 ■ 

Lemma 5.21 (Levy's Criteria). For each ni e Af, let2(m) :— X^iLi Ei®Ei, where 
is an orthonormal basis for T„jAf. An M - valued semi-martingale, S, is 
a Brownian motion iff Y, is a martingale and 

(5.24) dS ® = I{Y?id\. 
More precisely, this last condition is to he interpreted as: 

(5.25) / p{di:®dYj)= I p{I{j:))dXy peT{T*M (g)T*M). 
Jq Jo 

Proof. (=>) Suppose that E is a Brownian motion on M (so Eq. H5.22|l holds) and 
f,g G C°^{M). Then on one hand 

d(/(S)<?(S)) = d [/(S)] • <?(S) + /(E)d [5(E)] + d[/(E), 5(S)] 

- i{A/(I]).g(E) + /(S])A.9(S)}dA + d[/(S), .9(S)], 

where " =" denotes equality up to the differential of a martingale. On the other 
hand, 

d(/(S)5(I])) = iA(/5)(E)dA 

= i{A/(E)5(S) + /(S)Ag(I]) + 2(grad/, gradg) (I])}dA. 

Comparing the above two equations implies that 

d[/(S),5(E)] = (grad/,grad5)(S)dA = df ® dg d\. 
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Therefore by Lemma 15.161 li p ^ h ■ df ® dg then 
/ p(dS®dE)= / ;i(E)d[/(E),.g(E)] 

= ( h{T,){df ® dg){I{Y,))d\ ^ [ p(J(E))(iA. 
Jo Jo 

Since the general element p of r(T*M (g) T*M) is a finite linear combination of 
expressions of the form hdf ® dg, it follows that Eq. (|5.24|1 holds. Moreover, Eq. 
(|5.24ll implies 

(5.26) (Vrf/) (dE ® dE) = (Vd/) (X(E))dA = A/(E)dA 
and therefore, 

/(E) - /(Eo) - i ^ Vd/(dE ® dE) 

(5.27) =/(E)-/(Eo)-i^ A/(E)dA 

is a martingale and so by definition E is a martingale. 

Conversely assume E is a martingale and Eq. (|5.24(l holds. Then Eq. (|5.26(l and 
Eq. 1)5. 27|) hold and they imply E is a Brownian motion, see Definition 15. 191 ■ 

Definition 5.22 {S^V PSV). Suppose a is a one form on M and F is a 
TM— valued semi-martingale, i.e. Vs — (Es,Ws), where E is an M - valued semi- 
martingale and D is a M''^- valued semi-martingale such that Vs G t^^M for all s. 
Then we define: 

(5.28) [ a{6^V):^ [ 5(E)5w = / a(E) (P (E) (5v) . 
Jo Jo Jo 

Remark 5.23. Suppose that a{vm) — 6{m)v, where 6 : M ^ (R^)* is a smooth 
function. Then 

/ aiS^V) ~ [ 6'(E)F(E)(5w / 9{J:){6v + dQ{6^)v}, 
Jo Jo Jo 

where we have used the identity: 

(5.29) 6^V ^ P{E)6v = 6v + dQ{5T.)v. 

This last identity follows by taking the differential of the identity, v ~ P(E)w, as 
in the proof of Proposition 13.321 

Proposition 5.24 (Product Rule). Keeping the notation of above, we have 

(5.30) 6ia{V)) ^Va{6Y.®V) +a{6^V), 

where Va(5E (g) V) := 7((5E) and 7 is the T* M - valued semi-martingale defined 
by 

7s {w) := Va{w (g) Vs) = (V^a) (Vs) for any w G Ts^Af. 

Proof. Let 6* : (R^)* be a smooth map such that ci(m) — ^(™)|rmj\/ 

for all m G M. By Lemma 1^51 (5(6'(E)P(S)) = d{9P){S'E) and hence by Lemma 
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mn (5(6'(S)P(E))w = Va((5I] V"), where Va(?;™ w,„) := (Vt,„a)(w,„) for all 
Um,ifm e TM. Therefore: 

5{a{V)) ^ S{9{J:)v) = 5{9{^)P{T.)v) = {d{0P)iSJ:))v + 6i(I])P(E)(5w 

= {d{9P){SJ:))v + a{j:)5v ^ Wa{dY. (g)V) + a{S^V). 

■ 

5.4. Stochastic Parallel Translation and Development Maps. 

Definition 5.25. A TM - valued semi-martingale V is said to be parallel ii S^V = 
0, i.e. a{S^V) = for all one forms a on M. 

Proposition 5.26. A TM - valued semi-martingale V — (S, v) is parallel iff 

(5.31) ( P{J:)Sv= [ {Sv + dQ{SJ:)v} = 0. 
Jo Jq 

Proof. Let x = {x^, . . . ,x'^) denote the standard coordinates on M.^ . If V is 
parallel then, 

= [ dx'iS^V)^ [ {e,,P{Y)5v) 
Jq Jq 

for each i which implies Eq. H5.31|l . The converse follows from Remark 15.231 ■ 
In the following theorem, Vq is said to be a measurable vector-field on M if 
VQ^m) = {m,v{m)) with v : AI ^ being a measurable function such that 
v{m) G TmM for all m e Af. 

Theorem 5.27 (Stochastic Parallel Translation on M x R^). Let T. be an M - 

valued semi-martingale, and Vo{m) — (m,v{m)) be a measurable vector-field on M, 
then there is a unique parallel T M -valued semi-martingale V such that Vq = VqCEq) 
and Vs G T^^M for all s. Moreover, if u denotes the solution to the stochastic 
differential equation: 

(5.32) 5u + T{511)u^0 with uq^ I eO{N), 

( where O {N) is as in Example \2.f)\ and T is as in Eq. ^,V.6'5|) ) then Vs — 
(Ss,Msu(So). The process u defined in 15. S^) is orthogonal for all s and satisfies 
P(Es)us = UsP(So). Moreover if Yiq — o E M a.e. and v G TqM and w _L TqM, 
then UgV and UsW satisfy 

(5.33) S [usv] + dQ (<5S) u^v = P (E) S [usv] = 
and 

(5.34) S [usw] + dP ((JS) UsV = Q (S) (5 [usv] = 0. 

Proof. The assertions prior to Eq. (|5.33|l are the stochastic analogs of Lemmas 
13. 561 and 13. 571 The proof may be given by replacing ^ everywhere in the proofs of 
Lemmas 13.561 and 13.571 bv Sg to get a proof in this stochastic setting. Eqs. (|5.33|) 
and l|5.34|l are now easily verified, for example using and P (T,) uv = uv , we have 

6 [uv] =S[P (S) uv] = P (<5E) uv + P (S) S [uv] 

which proves the first equality in Eq. (|5.33(l . For the second equality in Eq. H5.33|l . 

P (S) S [uv] = -P (S) r (JS) [uv] 

= -P (S) [dg((5S)P(S) + dP(^E)Q(I])] [uv] 
= -dQ{5Y)Q (E) P(E)5 [uv] = 
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where Lemma 13.301 was used in the third equaUty. The proof of Eq. (|5.34|1 is 
completely analogous. The skeptical reader is referred to Section 3 of Driver [17] 
for more details. ■ 

Definition 5.28 (Stochastic Parallel Translation). Given v € and an M - 
valued semi-martingale S, let / / s{Yi)vs„ — (EsjUsw), where u solves (|5.32f) . (Note: 

V, = / A(s)K).) 

In the remainder of these notes, I will often abuse notation and write Ug instead 
of //s ■— //s(S) and Vg rather than Vs = {T,s,Vs). For example, the reader should 
sometimes interpret u^v as / / s{'^)vT.a depending on the context. Essentially, we 
will be identifying TmM with T^M when no particular confusion will arise. 

Convention. Let us now fix a base point o € M and unless otherwise noted, 
we will assume that all M - valued semi-martingales, E, start of o G M, i.e. Eq = o 
a.e. 

To each M - valued semi-martingale, E, let ^(E) := h where 

h:= [ //"^(5E= [ u-^SY.^ [ u*'(5E. 
Jo Jo Jo 

Then & = vI/(E) is a TqM - valued semi-martingale such that &o = Oo G ToM. The 
converse holds as well. 

Theorem 5.29 (Stochastic Development Map). Suppose that o £ M is given and 
b is a TqM - valued semi-martingale. Then there exists a unique M - valued 
semi-martingale E such that 

(5.35) (5Es = / / s5hs — UsSbs with Eq = o 

where u solves 1^5. . 

Proof. This theorem is a stochastic analog of Theorem 14.101 and the reader is 
again referred to Figure ITTI To prove the existence and uniqueness, we may follow 
the method in the proof of Theorem 14.101 Namely, the pair (E,u) e A/ x O {N) 
solves an Stochastic differential equation, of the form 

(5E ~ uSb with Eq = o 

6u = -F ((5E) w = -F {u6b) u with uo = I e 0{N) 

which after a little effort can be expressed in a form for which Theorem 15.101 mav 
be applied. The details will be left to the reader, or see (for example) Section 3 of 
Driver ■ 

Notation 5.30. As in the smooth case, define E = (/'(6), so that 

4'(E) (6)= / //,(E)-i<5E,. 

Jq 

In what follows, we will assume that bg, Ug (or equivalcntly //^(E)), and Es are 
related by Equations H5.35|l and (|5.32|l . i.e. E = (/) (6) and u = // = //(E). Recall 
that JE = P (E) dE is the Ito differential of E, see Definition l5.13l 

Proposition 5.31. Let E = (6) , then 



(5.36) 



dE = P(E)(iE = udb. 
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Also 

d 

(5.37) dS (g) dE = udb (g) udb := ^ uci ucjdb^dV , 

where {ei}f^i is an orthonormal basis for TqM and b — X^iLi ^'sj- More precisely 

I p{dJ: (g) dY.) ^ / p{uei (g) uej)db'dV , 

Jo Jo 



for all peT{T*M(E) T*M). 
Proof. Consider the identity: 



dE = uSb = udb + —dudb 

— udb — —r{ST,)udb = udb — —T{udb)udb 



where F is as defined in Eq. (|3.t)5|) . Hence 

d 



dE = P(E)dS = udb-^Y^ P{T)T{{ue^)^)uejdb''dV . 

The proof of Eq. (|5.3()|) is finished upon observing, 

FTP = P{dQP + dPQ}P ^ PdQP = PQdQ = 0. 

The proof of Eq. I|5.37(l is easy and wiU be left for the reader. ■ 

Fact 5.32. If {M,g) is a complete Riemannian manifold and the Ricci curvature 
tensor is bounded from below^, then A — Ag acting on C^{M) is essentially self- 
adjoint, i.e. the closure A of A is an unbounded self-adjoint operator on L'^{M, dV). 
(Here dV — ^/gdx^ . . . dx^ is being used to denote the Riemann volume measure 
on M.) Moreover, the semi-group e*'^/^ has a smooth integral kernel, pt{x, y), such 
that 

Pt{x, y) >0 for all x,y £ M 

/ pt{x,y)dV{y) — 1 for all x £ M and 
Jm 

(e*^/V) (x) = / pt{x,y)f(y)dV{y) for aU / £ L^{M). 

li f £ C^{M), the function u {t, x) := e^^/'^f (x) is smooth for t > and a; S M 
and Le^'^^^f (x) is continuous for t > and x £ M for any smooth linear differential 
operator L on C°° (A/) . For these results, see for example Strichartz |163| . Dodziuk 
[ISI and Davies gT]. 

Theorem 5.33 (Stochastic Rolling Constructions). Assume M is compact and let 
E, Us — / /s, and b be as in Theorem \5.29[ then: 

(1) E zs a martingale iff b is a TqM - valued martingale. 

(2) E zs a Brownian motion iff b is a TqM - valued Brownian motion. 



^These assumptions are always satisfied when M is compact. 
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Furthermore ifTj is a Brownian motion, T e (0,oo) and f G C°°{M), then 
is a martingale for s G [0, T] and 

(5.38) dM, = [usdbs)^^ = (de(^-^)^/2/) {//M- 

Proof. Keep the same notation as in Proposition 15.311 and let / g C°° {M) . 
By Proposition 15.311 if 6 is a martingale, then jQdf{dJ^) = jf^df{udh) is also a 
martingale and hence S is a martingale. Combining this with Corollary 15 . 1 81 and 
Proposition 15.311 

d[/(E)] = df{dT.) + ivd/(dS dS) 

= df{udb) + ^Wdfiudb (g) ud&). 

Since it is an isometry and 6 is a Brownian motion, udb (g udb = X{'E)dX. Hence 

d[/(S)] = dfiudb) + iA/(S)dA 

from which it follows that E is a Brownian motion. 
Conversely, if E is a M - valued martingale, then 

N N „. 

(5.39) ^'-=^2 dx\d^)e, = y] / (e„Md6)e, = / udb 

is a martingale, where x = (x^, . . . , x^) are standard coordinates on and {ei}^i 
is the standard basis for M^. From Eq. (|5.39() . it follows that b = u^^dN is also 
a martingale. 

Now suppose that E is an M - valued Brownian motion, then we have already 
proved that 6 is a martingale. To finish the proof it suffices by Levy's criteria 
fLemma I5.21f) to show that db ® db — I{o)d\. But E = + (bounded variation) 
and hence 

db®db^ u^^dT. (g) u^^dE ^ u^'^dN (g) u^^dN 

= (u-i (gu~^)(dE(gc;E) 

= (u-i (g u~^)I(E)dA = X(o)(iA, 

wherein Eq. 15.24|l was used in the fourth equality and the orthogonality of u 
was used in the last equality. To prove Eq. (|5.38() . let Mg = u{s,T,s) where 

u (s, x) := ^e^^"")^/^/^ (x) which satisfies 

dsU (s, x) + 2 2^) = with u (T, x) = f (x) 

By Ito's Lemma (see Corollary 15 .1811 along with Lemma [5.211 and Proposition l5.31l 

dMs = dsU (s, E,) ds + dM [u (s, •)] {d^s) + ^V^m [u (s, •)] {d^s «) dE,) 

= a,u(s,E,)ds+iAM (s,E,)ds+ (dMe(^"''^/'/) ((uA.)eJ 

= (dMe(^-^)^/V)((^^sd6.)Ej. 
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The rolling construction of Brownian motion seems to have first been discovered 
by Eells and Elworthy who used ideas of GangoUi '55! . The relationship of the 
stochastic development map to stochastic differential equations on the orthogonal 
frame bundle 0{M) of M is pointed out in Elworthy |^ (HSJ 1^3 ■ The frame 
bundle point of view has also been extensively developed by Malliavin, see for 
example [1291 11281 \1'M)\ . For a more detailed history of the stochastic development 
map, see pp. 156-157 in Elworthy [S7]. The reader may also wish to consult 

[75i [Tn^[n3i[nn[T^[Tnn| . 

Corollary 5.34. If T, is a Brownian motion on M, 

TT = {0 = Sq < Si < ■ ■ ■ < Sn — T} 
is a partition of [0, T] and f G C°° (Af") , then 

p n 
(5.40) Ef {Y^si, ■ ■ ■ ,^s„) = / f {X1,X2, ■ ■ ■ ,Xn)Y\_PA,s{Xi-l,Xi)d\{xi) 

where A.^s :— — Si-i, Xq := a and A := Am- In particular Y, is a Markov process 
relative to the filtration, {!Fs\ where Ts is the a - algebra generated by {St- : t < s} . 

Proof. By standard measure theoretic arguments, it suffices to prove Eq. (|5.4()|l 
when / is a product function of the form f (xi,X2, ■ ■ ■ ,Xn) = YVi=ifi{^i) with 

/„ (Ei) is a martingale for s <T 



fi e C°°(M). By Theorem ESSl 
and therefore 

"n-l 



,(T-s)A/2 



E[/(S,,,...,I],J] =E 



n/z(s.,)-MT 



(5.41) 



= E 



.i=l 
n-l 



E 



n-l 



[]/,(S,J.Af,„_, 



i=l 



n/.(s.j-(PA„s/„)(s.„_,: 



In particular if n = 1, it follows that 

E[/i(ST)]-E[(e^^/2/i)(So) 

Now assume we have proved Eq. 
notation let g{xi,X2,- 
that 

E[/(E,,,...,E,J] 



Pt(o, xi)/i {xi)d\ [xi). 



M 



with n replaced by n — 1 and to simplify 
c„_i) := nr=i fii^i)- It would then follow from Eq. 



g{xi,X2, ■ 



,Xn-l e 



fn) (Xn-l) Y\_ PA,s {Xi-i,Xi) dX (Xi) 



i=l 



g {xi,X2, ■ . .,Xn-l) 



) dX (Xn) 



M 



n-l 



X ]^PAis (a;i-i,a:i)rfA(xi) 



« n 
/ f {xi,X2,..., Xn)W_P/^iS {Xi^i^Xi) dX {xi) . 



This completes the induction step and hence also the proof of the theorem. 
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5.5. More Constructions of Semi-Martingales and Brownian Motions. 

Let r be the one form on M with vahies in the skew symmetric N x N matrices 
defined by F = dQP + dPQ as in Eq. I|3.65|) . Given an A/— valued semi-martingale 
E, let u denote parallel translation along E as defined in Eq. (|5.32() of Theorem 

Km 

Lemma 5.35 (Orthogonality Lemma). Suppose that B is an M.^ - valued semi- 
martingale and S is the solution to 

(5.42) ST. = P{T.)5B with T.g = o€M. 

Let {ei}f^i he any orthonormal basis for and define := {ei,B) then 

N 

P{'E)dB ® Q{Y.)dB := ^ P(S)e, ® Q{^)ej (dB'dB^) = 0. 

ij = l 

Proof. Suppose {vi}f^^ is another orthonormal basis for R^. Using the bilin- 
earity of the joint quadratic variation, 

[(e„ B), {e,,B)] = Y,[{e^,Vk){vk, B), {e,,vi){vi, B)] 

k,l 

= ^{ei,Vk){ej,vi)[{vk,B), {vi,B)]. 

k,l 

Therefore, 

Af 

P(I])e, «) Q(S)ej- • d [B\ B^ 

= J2 [Pi^)e^®Qi^)eJ](e^,Vk){eJ,Vl)d[(vk,B),{vl,B)] 

i.j,k,l — l 
N 

= [P{^)vk®Q{^)vi]d[{vk,B},{vi,B}] 

k,l = l 

which shows P{j:)dB (g) Q{j:)dB is well defined. 
Now define 

B := / M^^dS and (e,,B) = / {ue„dB) 

Jo Jo 

where u is parallel translation along S in M X as defined in Eq. ifO^ . Then 
P{Y.)dB®Q{T.)dB ^ Y P{^)uek<»Q{^)uei{e^,uek){ej,uei) (dB'dB^) 

Af 

= Y P{^)uek <g Q{^)uei {dB^d&^ 

k,l=l 
N 

= Y uP{o)ek®uQ{o)ei {dB^d&^ 

k,l=l 
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wherein we have used P(S)u = uP{o) and — uQ{o), see Theoreni l5.27l This 

last expression is easily seen to be zero by choosing {a} such that P(o)ei — e; for 
i = 1,2, ... ,d and Q (o) Cj = Cj ior j = d + 1, . . . , N. m 
The next proposition is a stochastic analogue of Lemma 13.551 and the proof is 
very similar to that of Lemma 13.551 

Proposition 5.36. Suppose that V is a TM - valued semi-martingale, S = tt (V) 
so that Ti is an M - valued semi-martingale and Vg £ T-^^M for all s > 0. Then 

(5.43) /A<5, [//; V,] = 5^Vs P (S,) 6Vs 

where / / s is stochastic parallel translation along E. If ^ T (TM) is a time 
dependent vector field, then 

(5.44) 6s [//-'Y,, (S,)] = (^^n) (E,) ds + //^'Vs^Y, 
and for w G TgM, 

(5.45) = //-'Vl^^^/z^^Ys + //-I 
Furthermore if Es *s a Brownian motion, then 

1 

(5-46) +2T.//s'^'//.e.^//.eysds 

1=1 

where {ei}f^^ is an orthonormal basis for TqM. 

Proof. We will use the convention of summing on repeated indices and write 
Us for / /s, i.e. stochastic parallel translation along E on TM. Recall that Ug solves 

Sug + dQ ((5Es) Ug — with uq = ItoM- 

Define Ug as the solution to: 

5ug — UgdQ ((5Es) with uq — It^m- 

Then 

S (ugUg) = —UgdQ (<5Es) Ug + UgdQ {5T.g) Ug — 

from which it follows that UgUg — I for all s and hence Ug — uj^. This proves Eq. 
H5.43|l since 

UgSg [ug^Vg] = Ug [u-^dQ ((5E,) V; + Ug^SVg] 
= dQ {5J:g)Vg + SVg^6^Vg, 

where the last equality comes from Eq. H5.29|l . 
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Applying Eq. to Vs K,. (S^) gives 



- //;ip (E,) ( -^r, ) (E,) ds + //;ip (E,) r; (e,) <5,e. 



which proves Eq. (|5.44ll . 

To prove Eq. H5.45|l . let Xi (m) = P (m) for i = 1, 2, . . . , iV. By Proposition 



(5.47) V//^„n = X, (E,)) (Vx.F.) (E,) 

= (^«,//;lX,;(E,)) (Vx,n)(E,) 

and 

//.u; = X, (E,))X, (E,) = (u;, //-^X, (E,))X, (E,) 

or equivalently, 

(5.48) w = {w, //:'X, (E,))//;iX, (E,) . 

Taking the covariant differential of Eq. H5.47|l . making use of Eq. 15.44|l . gives 

Sj [y//,^Ys] 

= (//.«;, V5^,s.X,) (Vx^Ys) (E,) + {//sW,X, (E,))V5,s. Vx.i^ 
+ (//.u;,X,(E,)) (Vx. (^Ys)) (E,) 



= V5,s.X.> (Vx.n) (E,) + {//sW,X, i^s))Vl^^^xJs 

= {'^{//sio,Vs,j:,X,}X4Y:,) + {//,w,Xii^,))Vs,s,X,ys) (Eg) 



(5.49) + K^^<^//.^Ys + (^V//^,„ (^-y. j j (E.) , 

Taking the differential of Eq. (|5.48|l implies 

O^Sv^ {vJ/-^Vs,^X,)//-^X, (E,) + {vJ/-^X, (E,))//;iVA-,E,Xi 

which upon multiplying by / / g shows 

{//sV,V5^,^^X,)X, (E,) + {//sV,X, (E,))V5,E,X, = 0. 

Using this identity in Eq. H5.49|l completes the proof of Eq. I|5.45|l . 

Now suppose that Es is a Brownian motion and hg = s (E) is the anti-developed 
TqM - valued Brownian motion associated to E. Then by Eq. (|^ 



d [//-^Ys (E,)] ^ //-^ ^^Y^ (E.) ds + //-'V/,^s,Ys 

= in' (^n) (E.) ds + (//; , 
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Using Eq. H5.45|l . 



l/^'-^/UdbY, + ^//-'-^^//^^^^i/^^Y^dbldbi 



= //s'^//.dbY, + 7;//s'^' 
Combining the last two equations proves Eq. H5.46|l 



Y,ds. 



Theorem 5.37. Let denote the solution to Eq. fS.lp with Eg = o G AI and 
bs = *3 (E) e ToM. Then 



//-1(E) [X(E,)JB, + Xo(E,)dr] 

/ //-i(E)X(EOrfBr 
Jo 



(5.50) 



1 " 

- J2 i^x^Xj) (E,) dBldB^^ + Xo (E,) dr 



Hence if B is a Brownian motion, then 

bs^ f //-i(E)X(E,)dB, 
Jo 



(5.51) 



dr. 



Proof. By the definition of b, 
db,, = //;! (E) [X (E,) 5Bs + Xo (E,) ds] 

= //;! (E) [X (E,) dBs + Xo (E,) ds] + id [//Ji (E) X (E,)] dB, 

= //-' (E) [X (E,) dB, + Xo (E,) ds] + i [//;! (E) Vx(s.)dB.X] dS, 

= //;! (E) [X (E,) dB, + ds] + -//;! (E) J2 i^x.Xj) (E,) dBldBi 

which combined with the identity, 
d [//;! (E) X (E,)] dB, = [//;! (E) Vrfs.X] dBs = (E) Vx(s.)ds.X] dS, 

n 

= 5^ (Vx.x,)(E,)rfi?:di?f 



proves Eq. H5.5U|I . 

Corollary 5.38. Suppose Bs is an R" - valued Brownian motion, E^ is the solution 

2 



to Eq. lOJ) with (3 = B and \ YTk=i (Vx.^fe) + = 0, then E is an M - valued 
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martingale with quadratic variation, 

n 

(5.52) dE, (^dE, = ^Xfe(S,)®Xfc(E,)ds. 

k=l 

Proof. By Eq. H5.51|l and Theorem 15. 331 E is a martingale and from Eq. H5.1|l . 

n n 

(Hl'dY.^ =^ XI (S) Xi (S) dB^dB^ ^^Xi (E) Xl (E) ds 

k,l = l k=l 

where {ei}^^ is the standard basis for R^, E' :— (E, Ci) and X^ (E) = {Xk (E) , Ci). 
Using this identity in Eq. H5.17|l . shows 

N n n 

(iE« (iE« = ^ X! ^^'^fe ^fe ds = ^ Xfe (E«) Xfc (E,) ds. 

— 1 fc— 1 /c— 1 

■ 

Corollary 5.39. Suppose now that Bg is an M.^ - valued semi-martingale and Es 
is the solution to Eq. {5.4^) in Lemma \,5.S5[ If B is a martingale, then Ti is a 
martingale and if B is a Brownian motion, then Y, is a Brownian motion. 

Proof. Solving Eq. (|5.42|) is the same as solving Eq. H5.1|) with n ^ N, (3 = B, 
Xq = and Xi (m) = P (m) for alH = 1, 2, . . . , iV. Since 

S/x^Xj = PdP (X,) e, = dP [Xi) Qej ^ dP {Pa) Qcj, 

it follows from orthogonality Lemma 15.351 that 

n 

{Vx^X,){Yr)dBldBi=0. 

ij = l 

Therefore from Eq. lfCT]|l . 6, := /^V/r^^^r 

is a TqM - martingale which is 
equivalent to Eg being a M - valued martingale. Finally if _B is a Brownian motion, 
then from Eq. H5.52|l . E has quadratic variation given by 

N 

(5.53) dEs (g) dE, ^ ^ P (E^) ® P (E^) Cids 

Since X]i!=i P{fn)ei ® P{m)ei is independent of the choice of orthonormal basis for 
M^, we may choose {ci} such that {ei}f^i is an orthonormal basis for TmM to learn 

N 

P{m)ei (X) P{m)ei — 2{m). 

1=1 

Using this in Eq. (|5.53|) we learn that dE^ (g) dE^ = X(Es)ds and hence E is a 
Brownian motion on M by the Levy criteria, see Lemma 15.211 ■ 

Theorem 5.40. Let B be any M.'^ -valued semi-martingale, E be the solution to Eq. 

(5.54) ^ •= / u-^S^ = / u-^P{j:)dB 

Jo Jo 

be the anti- development of E and 

(5.55) p-.^ [ tr^Q{Y.)dB = Q[o) [ u'^dB 

Jo Jo 
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be the "normal" process. Then 

(5.56) b= u-^P{Y.)dB = P{o) / u^^dB, 

Jo Jo 

i.e. the Fisk-Stratonovich integral may be replaced by the ltd integral. Moreover if 
B is a standard - valued Brownian motion then {b, f3) is also a standard - 
valued Brownian and the processes, bg, and j j s are all independent of (3. 

Proof. Let p = -P(S) and u be parallel translation on M x (see Eq. H5.82|l ). 
then 

rf(u-^P(E)) • dB = [r(<5E)P(E)dS + dP{S^)dB] 

= u-^ [{dQ{SJ:)P (E) + dP{SE)Q (E)) P(S)dB + dP((5E)dB] 
= u-^ [dQ{5Y.)P{Y)dB - dQ{5'E)dB] 

= -u-^dQ{ST.)Q{Y)dB = -u-^dQ{P{ll)dB)Q{ll)dB = 

where we have again used P (E) dB Q (E) dB — 0. This proves H5.56(l . 

Now suppose that P is a Brownian motion. Since (&, (3) — Jp u~^dB and u is an 
orthogonal process, it easily fellow's using Levy's criteria that {b, (3) is a standard 
Brownian motion and in particular, /3 is independent of b. Since (E, u) satisfies the 
coupled pair of stochastic differential equations 

dE = udb and du + T{uSb)u ~ with 

Eo = o and Wo / e End(M^), 

it follows that (E, u) is a functional of b and hence the process (E, u) are independent 
of (3. ■ 

5.6. The Differential in the Starting Point of a Stochastic Flow. In this 
section let Bg be an R" - valued Brownian motion and for each m e M let P, (to) = 
Eg where E^ is the solution to Eq. (|5.1I) with Eg = to. It is well known, see Kunita 
[nil that there is a version of P, (to) which is continuous in s and smooth in to, 
moreover the differential of Tg (m) relative to to solves the stochastic differential 
equation found by differentiating Eq. (|5.1|l . Let 

(5.57) Zs := Ts^o and := //^^Z, e End {T,M) 
where //^ is stochastic parallel translation along E^ := (o) . 
Theorem 5.41. For all v e P^M 

(5.58) SjZsV = (V z,«X) SBs + (V^.^^o) ds with Zqv = v. 
Alternatively Zg satisfies 

(5.59) dz^v - (V//,,^,X) SBs + (V//,,,,Xo) ds. 

Proof. Equations 1)5. 58|) and H5.59|l are the formal analogues Eqs. 14.2|l and 
(|4.3|) respectively. Because of Proposition 15.361 Eq. (|5.58|) is equivalent to Eq. 
(|5.59|l . To prove Eq. H5.58|l . differentiate Eq. I|5.1|l in to in the direction v S TgM 
to find 

SsZgV = DXi (Eg) ZsV o SBl + DXq (E.;) Zgvds with Zqv ~ v. 
Multiplying this equation through by P (Es) on the left then gives Eq. H5.58|l . ■ 
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Notation 5.42. The pull back, Ric//^, of the Ricci tensor by parallel translation 
is defined by 

(5.60) Ric//^ RicE,//s. 

Theorem 5.43 (Ito form of Eq. I|5.59(l l. The ltd form of Eq. 1.5. 5fJ\) is 

(5.61) dzsV = (V//^;,^„X) dBs + a^ds 

where 
(5.62) 

r / n \ 1 " 

^//.-sv + ^0 - 2 II U/sZsV, X, (E,)) X, (E,) ds. 

\i=l ) i=\ 

If we further assume that n = N and Xi (m) = P {m) et (so that Eq. \5.1]) is 
equivalent to Eq. i5.4<^ if Xq = 0), then = — iRic//^ Zgvds, i.e. Eq. f5. 59\) is 
equivalent to 

(5.63) dzsV = //J^P (S,) dP U/sZsv) dBs+ - " ^ 



a 



lis ^IUz.vXq- 



Ric 



//. 



ds. 



Proof. In this proof there will always be an implied sum on repeated indices. 
Using ProDOsition l5.36[ 



II:' 

IIS' 

in' 



dB, 



V 



X(Sa)dSs 



„x + v 



lis 



X 



dB, 



V 



X,(S, )<»//, + ^(V//^,^„Xi) 



X, 



ds. 



(5.64) 

Now by Proposition [ 

Vi.(E.)«//....^. = ^j/,.,v^x^i^^)X^ds + (X, (S,) , //sZsv) X, (E,) 

= ^hsZ.v^x.is.)X^^ds - UlsZsV, X, (E,)) X, (E,) 

= \y / / sz^v^ XiXi - ^V//^,^^.x,Xi\ 

-R^ (/Az,w,X,(E,))X,(E,) 

which combined with Eq. (|5.64() implies 
(5.65) 

d [lis' (V//^,^,X)] dB, = //-' [V//^,^„Vx.X, - i?^ illsZsV,X, (E,))X, (E,)] ds. 

Eq. (|5.61() is now a follows directly from this equation and Eq. H5.59|l . 
If we further assume n ^ N, Xi (m) — P (m) and Xq (m) = 0, then 

(5.66) (V//....X) dB, = Ij-^P (E,) dP [llsZsv] dB^. 

Moreover, from the definition of the Ricci tensor in Eq. 13.3111 and making use of 
Eq. (|3.5U|) in the proof of Proposition 13 .481 we have 

(5.67) R^ UlsZsV, X, (E,)) X, (E,) = Ric//^ //^ZsV. 

Combining Eqs. (|5.66|) and (|5.67|) along with V XiXi = (from Proposition 13. 48|) 
with Eqs. (jF^ and ifE^ imphes Eq. ifS^ . ■ 
In the next result, we will filter out the "redundant noise" in Eq. H5.63(l . This is 
useful for deducing intrinsic formula from their extrinsic cousins, see, for example, 
CoroUarv 16 . 41 and Theorem 17. 391 below. 
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Theorem 5.44 (Filtering out the Redundant Noise). Keep the same setup in The- 
ore'm \5~J^ with n = N and Xi (m) = P{m)ei. Further let M be the a - algebra 
generated by the solution Y, = {S^ : s > 0} . Then there is a version, z^, o/E [zs|A4] 
such that s Zs is continuous and z satisfies, 



(5.68) ZsV = 

In particular if Xq = 0, then 
(5.69) 



//r ^ {^//rz^v^o) - ^ R-iC//, ZrV 



dr. 



//. 



Zs with zq = id, 



Proof. In this proof, we let bg be the martingale part of the anti-development 
map, *s (S) , i.e. 



Jo Jo 



P{Y.r)dBr. 



Since (Ss,Us) solves the stochastic differential equation, 

5Tis ~ UsSbs + Xq (Eg) ds with J^q ~ a 

5u ^ -r (SY,) u = -r {u8b) u with uq ^ I e 0{N) 

it follows that (E, u) may be expressed as a function of the Brownian motion, b. 
Therefore by the martingale representation property, see CoroUarv l? . 2UI below, any 
measurable function, / (E) , of E may be expressed as 

/(E)=/o+/ {ar,dbr)=fo+ f {ar,//;:^[P{Yr)dBr]). 



Hence, using PdP = dPQ, the previous equation and the isometry property of the 
Ito integral, 



E 



E 



[P (E,) dP U/rZrV) dBr] f (E) 
[dP{//rZrV)Q{j:r)dBr 



= E 

This shows that 



(P(E,.) //rar,dBr) 



[dP {//rZrV) Q (E^) P (E^) //rOr] dr \ = Q 



E 



P (E^) dP {//rZrV) dBr\M 







and hence taking the conditional expectation, E [-{M] , of the integrated version of 
Eq. H5.63|l implies Eq. H5.68() . In performing this operation we have used the fact 
that (E, //) is M ~ measurable and that Zs appears hnearly in Eq. (|5.63(l . I have 
also glossed over the technicality of passing the conditional expectation past the 
integrals involving a ds term. For this detail and a much more general presentation 
of these ideas the reader is referred to Elworthy, Li and Le Jan 70' . ■ 

5.7. More References. For more details on the sorts of results in this section, 
the books by Elworthy jBS], Emery [73j, and Ikeda and Watanabe |103| . Malliavin 
|131| . Stroock I169j. and Hsu |l()()j are highly recommended. The following articles 
and books are also relevant, [11 123 IHl 113 IMI IIIll EHl IIS3 El El 11^ 
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6. Heat Kernel Derivative Formula 



In this short section we will illustrate how to derive Bismut type formulas for 
derivatives of heat kernels. For more details and much more general formula see, 
for example, Driver and Thalmaier j^), Elworthy, Lc Jan and Li [70', Stroock 
and Turetsky |171l I17()j and Hsu [HHl and the references therein. Throughout this 
section will be an M - valued semi-martingale, / /s will be stochastic parallel 
translation along E and 

Jo 

Furthermore, let Qs denote the unique solution to the differential equation: 
(6.1) 

See Eq. H5.60|l for the definition of Ric / . 

Lemma 6.1. Let f : M ^ W be a smooth function, t > and for s G [0, t] let 
(6.2) F(s,m) {e^'-'^^^^ f){m). 

If Es is an M - valued Brownian motion, then the process s G [0, t] 
Qs/ /j^'V F{s,^s) is a martingale and 



= --^QsR-ic//, with Qo = /. 
ds 2 



(6.3) 



Qs//-^WF{s,J:s) - Qs//-'W/,ab^WF{s 



Proof. Let Ws / /-'^WF{s,Y.s). Then by Proposition O^ and Theorem l^^ 

1 



dWs 



//i'VdsFis, E,) + 2//7 V;/.e.»//.e. VF(s, •) 
+ //;iV//^e.VF(s,.)d6: 



'//.e.«/Ae.VF(s,.)- (vAi^(s,.)) (S.) 

+ //7'^//^e,yF{s,-)dbl 

Ric VFis, E,)ds + //;iV//^,,, VF(s, ■)dbl 
Ric//^ Wsds + //-^V/,^,yF{s, ■)db\ 



ds 



ds 



where {ei}^^^ is an orthonormal basis for TqM and there is an implied sum on 
repeated indices. Hence if Q solves Eq. (|6.1|l . then 



d [QsWs 



1 



QsRic//^ Wsds + Qs 



■ Ric//^ Wsds + //-^V,,^,yF{s, ■)dbl 



-Q.//;'v//^,,vF(s,.)rffo: 

which proves Eq. (|6.3|) and shows that QsWs is a martingale as desired. 

Theorem 6.2 (Bismut). Let f : AI IS. be a smooth function and E be an M 
valued Brownian motion with Eq = o, then for < to < t < oo, 

rU, 



(6.4) 



V(e*^/V)(o) = r^ 
to 



Qrdbr I /(E 
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Proof. The proof given here is modelled on Remark 6 on p. 84 in Bismut 
PT] and the proof of Theorem 2.1 in Elworthy and Li [JT]. Also see Norris [WM 
ins Ell- For (s,m) £ [0, i] x M let F be defined as in Eq. We wish to 

compute the differential of fc, (/^ Qrdbr) F{s, S^). By Eq. (|S3HI), d [F{s, S^)] = 
{^{F{s,-)){^s)J/sdbs) and therefore: 



dks = F{s, S,)Q,d6, + / Qrdbr (V(F(s, •))(S.), //,d6,) 



) 

i=l 

From this we conclude that 

E [fct J = E N + E / V(//;iV(F(s,-))(Ss),e,)g,e,ds 



E 



Q,//;iV(i^(s,.))(S.) 



ds 



to 



E 



)o//o ^V(f (0, •))(So)l ds = ioV(e*^/V)(o) 



wherein the the third equality we have used (by Lemma I6.1|l that s 
Qs//7^V(F(s, •))(Es) is a martingale. Hence 



V(e*^/2/)(o) = -E 
to 



Qsdbs (e 



,(t-to)A/2 



/)(St„; 



from which Eq. Ht).4|) follows using either the Markov property of or the fact 
that s [e''*-"'^^/'^!) (Eg) is a martingale. ■ 
The following theorem is an non-intrinsic form of Theorem 16.21 In this theo- 
rem we will be using the notation introduced before Theorem 15.411 Namely, let 
C r (TM) be as in Notation l5.4l Bg be an K" - valued Brownian motion, 
and Tg (to) = Sg where Sg is the solution to Eq. H5.1|l with Yjg — m € M and 
13 = B. 



Theorem 6.3 (Elworthy - Li). Assume that X (m) : 
^"^-^ Xi (m) ai) is surjective for all m M and let 



TmM (recaWK (m) a :— 



(6.5) 



X (to)* = [X (to) |Nui(x(m))^] : T^M 



where the orthogonal complement is taken relative to the standard inner product 
on M". (See Lemma \ 7. 38\ below for more on X (m)* .) Then for all v G ToM, 
< to < t < oo and f G C (M) we have 



(6.6) 



I f\x{j:sfZsv,dBs 

Jo 



where Zg = Tsi,o as in Eq. |5.57| ). 

Proof. Let L ~ Y^"=i + 2Xq be the generator of the diffusion, {Tg (to)}^>q . 
Since X (to) : M" TmM is surjective for all to G Af , L is an elliptic operator on 
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C°° [M) . So, using results similar to those in Fact 15.321 it makes sense to define 
Fs (m) := (e(*-'')i/2/) (m) and TV™ = (T^ (to)) . Then 

dsF, + ^LF, = with Ft^f 

and by Ito's lemma, 

n 

(6.7) dTVr = d [Fs {Ts (to))] = (^'^-) (^))^^^ 

j=i 

This shows TV™ is a martingale for all m E M and, upon integrating Eq. H().7|l on 
s, that 

/(rt(TO))=e*^/2/(m) + ^ / {X,F,){Ts{m))dBl. 

Hence if as £ M" is a predictable process such that E \asf ds < oo, then by the 
Ito isometry property. 



f{Tt{m)) / {a,dB) 



= / E[{X,Fs){Ts{m))a,{s)]ds 



(6.8) = / E[(dMi^s)(X(T,(TO))a,)]ds. 

Jo 

Suppose that G is a continuous piecewise differentiable function and let 



:= e'^X (Es) Zsv. Then form Eq. (jHSJl we have 



(6.9) E 



/(Et) / (£;X(E,)#Z,t.,dB, 
Jo 



£'sE[{dMFs){Zsv)]ds. 



Since A^™ = Fg (T, (w)) is a martingale for all to, we may deduce that 

(6.10) v{m^ Nr) = duFs (Ts.ov) = dnFs {Z^v) 

is a martingale as well for any v e ToM. In particular, s G [0, i] — > E [(c?a/-Fs) (^sf )] 
is constant and evaluating this expression at s = and s = t implies 

(6.11) E [{dMFs) (Zsv)] = V (e*^/2jj ^ g [(^^^j) ^^tv)] . 
Using Eq. I|6.11|l in Eq. (|6.9|l then shows 



E 



/ (Et) j\i'sX (E,)# Z,^;, dB,) = (£t - 4) (e*^/^) 

which, by taking — s AtQ, implies Eq. H6.6|l . 
Corollary 6.4. Theorem 1 6'. /jI ma?; fee used to deduce Theorem[ 



Proof. Apply Theorem 16.31 with n = N, Xq = and Xi (to) = P (to) e^ for 
i = 1, . . . , iV to learn 
(6.12) 

1 



to 



-E 



/(Et) / U/sZsV^dBs) 
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where we have used L = A (see Proposition I3.48|l and X (m)"^ = P {m) in this 
setting. By Theorem 15.401 

U/sZsV, dBs) - / U/sZsV, P (Ss) dB,) 
Jo 



to 



svj/:'p{^s)dBs) = 



{zsV, dbs 



and therefore Eq. (|6.12|) may be written as 



V 



tA/2f\ _ 



{zsV, dbs 

ll 
to 



/(St 



'dbs 



Using Theorem 15.441 this may also be expressed as 
(6.13) V (e*^/^) = fi^t)JJ {zsV, db, 

where Zs solves Eq. H5.69|l . By taking transposes of Eq. H5.69|l it follows that zl'^ 
satisfies Eq. (|6.1|l and hence zf — Qs- Since v G TqM was arbitrary, Equation (|6.4() 
IS now an easy consequence of Eq. and the definition of V(e*'^/2/)(o). ■ 

7. Calculus on W{M) 

In this section, (M, o) is assumed to be either a compact Riemannian manifold 
equipped with a fixed point o & M or M = M.'^ with o = 0. 

Notation 7.1. We will be interested in the following path spaces: 

W{ToM) := {uj e C([0, 1] ^ ToM)\lu{0) = Oo G T^M}, 

H (ToM) := {h e W{ToM) : h{Q) = 0, & {h, h)H ■= [ \h\s)\^^j^.jds < oo} 

Jo 

and 

W{M) := {a E C([0, 1] ^ M) : (0) = g M} . 

(By convention {h, h)H = oo if /i G W{ToM) is not absolutely continuous.) We refer 
to W{ToM) as Wiener space, W (M) as curved Wiener space and H {ToM) 
or H (M'') as the Cameron-Martin Hilbert space. 

Definition 7.2. Let fi and Hw{m) denote the Wiener measures on W {ToM) and 
W {M) respectively, i.e. fi = Law (6) and fJ-wiM) = Law (E) where b and S are 
Brownian motions on ToM and A/ starting at G ToM and o E M respectively. 

Notation 7.3. The probability space in this section will often be {W (M) , !F, /ivF(M)) j 
where is the completion of the a - algebra generated by the projection maps, 
: W {M) M defined by (cr) = ct^ for s € [0, 1]. We make this into a filtered 
probability space by taking J-'g to be the a — algebra generated by {S^ '■ r < s} and 
the null sets in !Fs- Also let / /s be stochastic parallel translation along S. 



Definition 7.4. A function F : W{M) R 
if there exists a partition 

(7.1) TT := {0 = So < Sl < S2 

of [0, 1] and / e C'^X^^") such that 

(7.2) F{a) = f{as, tT.„ ) for all ct G (M) 



is called a C'' — cylinder function 
1} 



< Sn 
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If i\f = M"^, wc further require that / and all of its derivatives up to order k have at 
most polynomial growth at infinity. The collection of C*^ - cylinder functions will 
be denoted by TC'' {W (M)) . 

Definition 7.5. The continuous tangent space to W{M) at u G W{M) is the 
set CTa-W (M) of continuous vector- fields along a which are zero at s = : 

(7.3) CT„W{M) ^{X e C([0, 1],TM)\X, e T^JI V s e [0, 1] and X{0) = 0}. 

To motivate the above definition, consider a differentiable path in 7 e W{M) go- 
ing through a Sitt — 0. Writing 7 (t) (s) as 7 {t, s) , the derivative Xs := ^ |o7(i, s) G 
Ta(s)^I of such a path should, by definition, be a tangent vector to W{M) at a. 

We now wish to define a "Riemannian metric" on W{M). It turns out that the 
continuous tangent space CT^W (M) is too large for our purposes, see for example 
the Cameron-Martin Theorem 17.131 below. To remedy this we will introduce a 
Riemannian structure on a an a.e. defined "sub-bundle" of CTW (M) . 

Definition 7.6. A Cameron-Martin process, h, is a TqM - valued process 
on W {M) such that s — s- h{s) is in H, ^w(m) ~ a-e. Contrary to our earlier 
assumptions, we do not assume that h is adapted unless explicitly stated. 

Definition 7.7. Suppose that X is a TM - valued process on {W [M) ,fiw{M)) 
such that the process tt{Xs) — T,s G M. We will say X is a Cameron-Martin 
vector-field if 

(7.4) hs //-'X, 
is a Cameron-Martin valued process and 

(7.5) (X,X)x ■■^mh,h)H]< 00. 

A Cameron-Martin vector field X is said to be adapted if h := / /~^X is adapted. 
The set of Cameron-Martin vector-fields will be denoted by X and those which are 
adapted will be denoted by Xa- 

Remark 7.8. Notice that X is a Hilbert space with the inner product determined 
by {■,-)x in H7.5|) . Furthermore, Xa is a Hilbert-subspace of X. 

Notation 7.9. Given a Cameron-Martin process h, let X'^ :— / /h. In this way we 
may identify Cameron-Martin processes with Cameron-Martin vector fields. 

We define a "metric" , G,^ on X by 

(7.6) G{X\x'') = {h,h)H. 
With this notation we have {X, X)x =^ [G(X, X)] . 

Remark 7.10. Notice, if ct is a smooth path then the expression in 17. 6|) could be 
written as 

where ^ denotes the covariant derivative along the path a which is induced from 
the covariant derivative V. This is a typical metric used by differential geometers 
on path and loop spaces. 



^The function G is to be loosely interpreted as a Riemannian metric on W{M). 
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Notation 7.11. Given a Cameron-Martin vector field X on {W (M) , /ivF(M)) and 
a cylinder function F e J^C^ {W (M)) as in Eq. H7.2(l . let XF denote the random 
variable 

n 

(7.7) XF (a) := ^(grad,f^(a), X,. (a)), 
where 

(7.8) grad,F(cr) := (gradj) {as, ,...,asj 

and (gradj /) denotes the gradient of / relative to the i'^ variable. 

Notation 7.12. The gradient, DF, of a smooth cylinder functions, F, on W{M) 
is the unique Cameron-Martin process such that G {DF, X) = XF for all X E X. 
The explicit formula for D, as the reader should verify, is 

(7.9) {DF)^ = //, (j2 --^ A s,//s-'gTa.d,F{a)^ . 

The formula in Eq. (|7.9|l defines a densely defined operator, D : (/x) X with 
V {D) = TC^ {W (M)) as its domain. 

7.1. Classical Wiener Space Calculus. In this subsection (which is a warm up 
for the sequel) we will specialize to the case where M — , o = E . To 
simplify notation let W := W^R."^), H := H (R'^) , ^ = ^J■w(R'i), bs {lu) = lu^ for 
all s e [0,1] and uj £ W. Recall that {JT^ : s e [0,1]} is the filtration on W as 
explained in Notation 17.31 where we are now writing b for S. Cameron and Martin 
[?5, 26, 28_, 27^ and Cameron [2HI began the study of calculus on this classical 
Wiener space. They proved the following two results, see Theorem 2, p. 387 of PH] 
and Theorem II, p. 919 of |^ respectively. (There have been many extensions of 
these results partly initiated by Gross' work in 89, 90'.) 

Theorem 7.13 (Cameron & Martin 1944). Let (W,JF, /i) be the classical Wiener 
space described above and for h Cz W, define '■ W W by Th{Lo) ^ lo + h for all 
U! E W. If h is , then fiTj^ is absolutely continuous relative to /i. 

This theorem was extended by Maruyama 132 and Girsanov [57] to allow the 
same conclusion for h € H and more general Cameron-Martin processes. Moreover 
it is now well known ^jlT^^^ <^ ji iS h E H. From the Cameron and Martin theorem 
one may prove Cameron's integration by parts formula. 

Theorem 7.14 (Cameron 1951). Let h E H and F,G E L°°-{fi) := ni<p<oo-^^ (a^) 
such that dhF := -^F oTf;h\^=Q and duG := -^G oTi,h\e=o where the derivatives are 
supposed to existJ in LP{ij,) for all 1 < p < oo. Then 

[ dhF-Gdti:=^ [ FdlGdfi, 
Jw Jw 

where d^^G — —dhG + ZhG and Zh '■— J^ih' (s) , dbs)-Rd. 



"^The notion of derivative stated here is weaker than the notion given in 1281 . Nevertheless 
Cameron's proof covers this case without any essential change. 
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In this flat setting parallel translation is trivial, i.e. / / s = id for all s. Hence the 
gradient operator D in Eq. (|7.9(l reduces to the equation, 

[DF)^ [u) = (^E ^ ^ s,gvad^F{ujs)^ . 

Similarly the association of a Cameron-Martin vector field X on VF(R'') with a 
Cameron-Martin valued process h in Eq. 17.4|l is simply that X — h. 

We will now recall that adapted Cameron-Martin vector fields, X — h, are in 
the domain of D* . From this fact it will easily follow that D* is densely defined. 

Theorem 7.15. Let h he an adapted Cameron-Martin process (vector field) on W. 
Then h G 'D{D*) and 



D*h= [ {h',db). 
Jo 



Proof. We start by proving the theorem under the additional assumption that 

(7.10) sup \K\<C, 

se[o,i] 

where C is a non-random constant. For each t e M let b{t, s) = bs{t) = bs+ thg. By 
Girsanov's theorem, s — > bs(t) (for fixed t) is a Brownian motion relative to Zt ■ /z, 
where ^ ^ 

Zt exp ( - / t{h'^,db,) - [ {K,K)ds 



2 _ 

Hence if is a smooth cylinder function on 

E[F{b{t,-))-Zt]=E[F(b)]. 
Differentiating this equation in t at i = 0, using 



{DF,h)H = j^\oF{b{t,-)) and j^\,Zt = - j\h',db), 



shows 



E[{DF,h)H]- 



F / {h\db) 



From this equation it follows that h G 'D{D*) and D*h — Jq (h' , dh) . So it now only 
remains to remove the restriction placed on h in Eq. H7.10|l . 

Let /i be a general adapted Cameron-Martin vector-field and for each n G N, let 



(7.11) K{s) := / h'{r) ■ l|,j/(r)|<„rfr. 

Jo 

(Notice that /i„ is still adapted.) By the special case above we know that /i„ G 
V{D*) and D*hn = f^{h'^,db). Therefore, 



E\D*{h,n- hn)f [ \h'^-h[fds^O Sism,n 
Jo 



oo 



from which it follows that D*hn is convergent. Because D* is a closed operator, 
h G V{D*) and 

D*h^ lim D*hn^ lim / {h',^,db)^ [ {h',db). 



n — *-oo n — *-oo 
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Corollary 7.16. The operator D* is densely defined and hence D is closable. (Let 
D denote the closure of D.) 

Proof. Let h E H and F and K be smooth cylinder functions. Then, by the 
product rule, 

(DF, Kh)x = E[{KDF, h)H] = HiD (KF) - FDK, h)H] 
= E[i^ • KD*h - F{DK, h)H]. 
Therefore Kh e V{D*) {V{D*) is the domain of D*) and 

D*{Kh) = KD*h - {DK, h)H. 

Since the subspace, 

{Kh\h £ H and X is a smooth cylinder function}, 
is a dense subspace of A", D* is densely defined. ■ 

7.1.1. Martingale Representation Property and the Clark- Ocone Formula. 

Lemma 7.17. Let F{b) = f{hsi , ■ ■ ■ , &s„) be the smooth cylinder function on W as 
in Definition \7.4\ then 

(7.12) F = EF+ [ {as,dbs), 

Jo 

where is a bounded, piecewise- continuous (in s) and predictable process. Fur- 
thermore, the jumps points of Os are contained in the set {si, . . . , s„} and 0^ = 
is s > Sn- 

Proof. The proof will be by induction on n. First assume that n = 1, so that 
F{b) = f[bt) for some < t < 1. Let H{s, m) := {e^*~'')^/^ f){m) for < s < t and 
m e E'^. Then, by Ito's formula (or see Eq. HS.aSfl l. 

dH(s,bs) = (grad iJ(s, 6s), o?6s) 

which upon integrating on s G [0, t] gives 

F{b) = {e'^/^f){o)-^ [ {gTa.dH{s,b,),dbs) ^EF+ f {a,,dbs), 
Jo Jo 

where ag = ^s<t/ /j^ grad_ff(s, 6^). This proves the n = 1 case. To finish the proof 
it suffices to show that we may reduce the assertion of the lemma at the level n to 
the assertion at the level n — 1. 
Let F{b) = f(bs„...,b,J, 

{Anf)ixi,X2, . . . ,a;„) = (A.g)(a;„) and 

(grad„/)(a;i,a;2,...,a;„) = V5 (a;„) 

where 17(2;) :— f{xi,X2, ■ . ■ , a;„_i, x). (So A„/ and grad„ / is the Laplacian and the 
gradient of / in the n*^ - variable.) Ito's lemma applied to the process, 

se [s„_i,5„] ->i/(s,6) := (e(^""^)^"/V)(&si,...,&s„_i,6.) 

gives 

dH{s,b) = {gTe.d„e^'"-'^^-/^f){b,„ . . . ,b,„_,,b,,dbs) 
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and hence 



(7.13) =(e(^-^"-'^"/2/)(fo.i,...,6.„-i,&s_J+ / {as,db,), 



whereas := (grad„ e^*" , • ■ . ,6s„_i,6s) for s € (s„_i, s„). By induction 

we know that the smooth cyhnder function 

may be written as a constant plus {as, dbg), where as is bounded and piecewise 
continuous and Os = if s > Sn-i. Hence it fohows by replacing as by as + 



= / {as,dbs) 



L(s„_i,s„)sas that 



for some constant C. Taking expectations of both sides of this equation then shows 
C = E [F{b)] . m 

Remark 7.18. By being more careful in the proof of the Lemma l7.17l fas is done in 
more generality later in Theorem 17. 47() it is possible to show in Eq. (|7.12() may 
be written as 



(7.14) as=E 



^ ls<s,gradj (&si , . . . , fcs„) 



Ts 



This will also be explained, by indirect means, in Theorem 17. 211 below. 

Corollary 7.19. Let F be a smooth cylinder function on W, then there is a pre- 
dictable, piecewise continuously differentiable Cameron- Martin process h such that 
F = EF + D*h. 

Proof. Let hs :— Ordr where a is the process as in Lemma [7.171 ■ 

Corollary 7.20 (Martingale Representation Property). Let F E L'^{fi), then there 
is a predictable process, Us, such that E \as\'^ds < oo, and 

(7.15) F = EF+ [ {a,db). 



Proof. Choose a sequence of smooth cylinder functions {Fn} such that Fn ^ F 
as ri oo . By replacing by -F — EF and Fn by Fn — Ei^„ , we may assume that 
EF = and EF„ ~ 0. Let a" be predictable processes such that F„ — J^{a",db) 
for all n. Notice that 

E [ \a'^ - a™pds = E{Fn - F^f ^ as m,n ^ oo. 
Jo 

Hence, if a :— L^{ds x d^) — lim„^oo a", then 

Fn — a^ ■ db ~* (a, db) as n ^ oo. 
Jo Jo 

This show that F = /o^(a, db). ■ 
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Theorem 7.21 (Clark - Ocone Formula). Suppose that F e V (D) , thevP' 

d 



(7.16) 



F = EF- 



E 



ds 



{DF)(b):Fs 



, dht 



In particular if F = f (6^^, . . . , bs^) is a smooth cylinder function on W (M) then 



(7.17) 



F = EF- 



E 



^ ls<s,gradj/(5si, . . .,bsj 



, dh. 



Proof. Let ft, be a predictable Cameron-Martin valued process such that 
E \h!^^ ds < oo. Then using Theorem 17. 151 and the Ito isometry property, 



(os, h'g)ds 



E{DF,h)H ^E[FD*h]^E F {K,db, 

I Jo 

(7.18) =E (eF + {a,db)^ {h'^,dbs) 

where a is the predictable process in Corollary 17. 2UI Since h is predictable, 

E{DF,h)H = E 



' ' d 



-{DF)^X)ds 



(7.19) 



E 



h' ) ds 



Since h is an arbitrary predictable Cameron-Martin valued process, comparing Eqs. 
(TTTHIl and l(7T^ shows 

which combined with Eq. (|7.12|) completes the proof. ■ 

Remark 7.22. As mentioned in Remark |7.18l it is possible to prove Eq. H7.17|l by 
an inductive procedure. On the other hand if we were to know that Eq. H7.17|l was 
vahd for aU F e TC'^ {W) , then for ft G A^, 



F f {h'^,dbs 

JO 



= E 
= E 
= E 



IF 



E 



DFATs 



,dbs 



{K,dbs) 



E 



ds 



.^\^^DF.X)ds 



,h[Jds 

= {DF,h)x. 



This identity shows h€V (D*) and that D*h = J^{h'^,dbs), i.e. we have recovered 
Theorem 17.151 In this way we see that the Clark-Ocone formula may be used to 
recover integration by parts on Wiener space. 



®Here we are abusing notation and writing E DFs {b) \ JF^j for the "predictable" projection 
of the process s —> -j^DFa (b) . Since we will only really use Eq. 17.171 in these notes, this 
technicality need not concern us here. 
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Let L, be the infinite dimensional Ornstein-Uhlenbeck operator defined as tlie 
self-adjoint operator on L'^ifi) given by £ = D*D. The following spectral gap 
inequality for C has been known since the early days of quantum mechanics. This is 
because C is unitarily equivalent to a "harmonic oscillator Hamiltonian" for which 
the full spectrum may be found, see for example |160| . However, these explicit 
computations will not in general be available when we consider analogous spectral 
gap inequalities when Mf^ is replaced by a general compact Riemannian manifold 
M. 

Theorem 7.23 (Ornstcin Uhlenbeck Spectral Gap Inequality). The null-space of 
C consists of the constant functions on W and C has a spectral gap of size 1, i.e. 

(7.20) > 

for all F e V{C) such that F e Nu1(/:)-L = {1}-^ . 

Proof. Let F e V^D), then by the Clark-Ocone formula in Eq. (fTT^ . the 
isometry property of the Ito integral and the contractive properties of conditional 
expectation. 



E(F - EFf 



E 



E 



E 



— DFs{h)\:Fs 
ds ' 



E 



ds 



DF,{b)\Ts 



,db. 



ds 



< E 



< E 



E 









^DFAb) 
ds 




^ ds 



E 



ds 



DFs (b) 



ds 



E 



:r^Fs (6) 

ds 



= {DF, DF) 



In particular if F e V{C), then {DF, DF)x = E[CF ■ F], and hence 

(7.21) {CF,F)l2^^) > {F-EF,F-EF)l2^^). 

Therefore, if <E Nul(£), it follows that F — EF, i.e. F is a constant. Moreover if 
F _L 1 (i.e. EF = 0) then Eq. ifT:^ becomes Eq. ifT^ . ■ 
It turns out that using a method which is attributed to Maurey and Neveu in 
|29j . it is possible to use the Clark-Ocone formula as the starting point for a proof 
of Gross' logarithmic Sobolev inequality which by general theory is known to be 
stronger than the spectral gap inequality in Theorem l7.23l 

Theorem 7.24 (Gross' Logarithmic Sobolev Inequality for W (W^^). For all F £ 
V{D), 

(7.22) E[F^\ogF'^] <2E[{DF,DF)h] 

Proof. Let F e TC^ (W) , e > 0, : 
E [£ (DH,)^ . By Theorem FTni 

"1 



■EF^ 

F2 - 



logEF^. 

- e d V (Z)) and Os 



= EH, 



{a, db) 
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and hence 

is a positive martingale which may be written as 



(a, c?6) 



where A/q = EiJ^. 

Let = xlnx so that </>' (x) = Inx + 1 and <j)" {x) = x^^. Then by Ito's 

formula, 

d [0 {A'Q] = (Afo) + 0' (A//,) dAf, + i^" (A/,) |a,|' ds 



0(A//o) + 0' (M,)dAf, 



2 
1 1 

2M7 



la J ds. 



Integrating this equation on s and then taking expectations shows 



(7.23) 



.(A/i)] = 0(EMi) + iE 



Since DH^ = 2FDF, Eq. ifT?^ is equivalent to 



E[<f>{H,)] = cf>{EH,) + ^E 



1 



2F DF) ^ 1^, 



Using the Cauchy-Schwarz inequality and the contractive properties of conditional 
expectations, 



E 



2F-iDF)jT. 



< 4 E F — (DF) 

\ I ds ^ ' 

< 4E [F^lJ's] ■ 



d , - 



1^, 



Combining the last two equations, using 

E [f ^l-F,] _ E [F^\J^s] 



(7.24) 
gives. 



< 1 



E[(/)(i?e)] <0(EHe) + 2E 



E 



ds 



ds 



ds. 



We may now let e | in this inequality to find Eq. (|7.22|) is valid for F e JFC^ (W) . 
Since J^C^ (W) is a core for D, standard limiting arguments show that Eq. (|7.22|) 
is valid in general. 

The main objective for the rest of this section is to generalize the previous 
theorems to the setting of general compact Riemannian manifolds. Before doing 
this we need to record the stochastic analogues of the differentiation formula in 
Theorems |37| and KT^ m 
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7.2. Differentials of Stochastic Flows and Developments. 

Notation 7.25. Let Tf (m) = where Ss is the solution to Eq. I|5.1(l with 
TiQ — m and (3s is an M" - valued semi-martingale, i.e. 

n 
i=l 

Theorem 7.26 (Differentiating E in B). Let Bg be an R" - valued Brownian 
motion and h be an adapted Cameron- Martin process, hs G R" with \h'J^ bounded. 
Then there is a version of T^^+*'' (m) which is continuous in s and differentiable in 
{t, m) . Moreover if we define dtT^ (o) ^lo^f +^'' (o) , then 



dr 



(7.25) dhTf (o) ^Zs f Z~'Xh'^ (E,) dr = / z-'//;'Xh'^ (S,) 

Jo Jo 

where Zg '■= (Tf)^^, //s is stochastic parallel translation along E, and Zg := 

/ /j^Zg. (See Theorem \5.41\ for more on the processes Z and z.) Recall from Nota- 

tion \5.4\ that 

n 

Xa (m) := OiXi {m) = X (m) i 



J a. 

1=1 

Proof. This is a stochastic analogue of Theorem 14.71 Formally, if Bg were 
piecewise differentiable it would follow from Theorem 14.71 with s = t, 

Xg (to) = X (to) B'^ + Xo (m) and Yg (m) = X (to) h'^. 

(Notice that [X (to) {B'g + th'g) + Xq (to)] = Yg.) For a rigorous proof of this 
theorem in the flat case, which is essentially applicable here because of M is an 
imbedded submanifold, see Bell ^] or Nualart |146j for example. For this theorem 
in this geometric context see Bismut 20' or Driver |47| for example. ■ 

Notation 7.27. Let h be an TqM ^ E'* - valued Brownian motion. A TqM - 
valued semi-martingale Y is called an adapted vector field or tangent process 
to 6 if y can be written as 

(7.26) Yg ~ Qrdbr + / ardr 

Jq Jo 

where Qr is an so{d) ~ valued adapted process and ag is a TqM such that 

»i 

|q!,Pc?s < oo a.e. 







A key point of a tangent process Y as above is that it gives rise to natural 
perturbations of the underlying Brownian motion b. Namely, following Bismut (also 
see Fang and Malliavin (Z2,), for i e R let 6* be the process given by: 

(7.27) 6*:= / e^'i-br + t [ ardr. 



Then (under some integrability restrictions on a) by Levy's criteria and Girsanov's 
theorem, the law of 5* is absolutely continuous relative to the law of b. Moreover 
b'^ = b and, with some additional integrability assumptions on g^, ^lo&* = Y. 

Let b be an ToM = R"* - valued Brownian motion, Yj :— (p (6) be the stochastic 
development map as in Notation 15.301 and suppose that X*^ = ///i is a Cameron- 
Martin vector field on W (M) . Using Theorem l4.12l as motivation (see Eq. H4.16|l l. 
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the pull back of X under the stochastic development map should be the process Y 
defined by 

(7.28) Ys^h, + J^ (^^ R/^^{hp,Sbp)^dbr 
where 

(7.29) i?//^ {hs,Sbs) = ll-^R{llshs,//s5bs)//s 
like in Eq. H4.15|l . Since 

R//,{hp,Sbp)^ Sbr = (^J R//^{hp,Sbp)^ dbr + ^R//^{hp,dbp)dbp 



where {ei},^^-^ is an orthonormal basis for TqM, Eq. H7.28|l may be written in Ito 
form as 



(7.30) Y. = / Csdbs + / Tsds, 

Jo Jo 

where 

(7.31) Cs := / R//^{K,5ba), = /i', + - Ric//^ /i^ and 

(7.32) Ric//^a:= //^^ Ric //^a V a G ToM. 

By the symmetry property in item 4b of Proposition 13.361 the matrix Cg is skew 
symmetric and therefore y is a tangent process. Here is a theorem which relates 
Y in Eq. lf73n|l to X'^ = / /h. 

Theorem 7.28 (Differential of the development map). Assume M is compact 
manifold, o G M is fixed, b is TqM = - valued Brownian motion, E := (6) , 
h is a Cameron- Martin process with \h'g\ < K < oo (K is a non-random constant) 
and Y is as m Eq. fHUj l. As m Eq. fTF^ let 

(7.33) bl:= [ e^^'-dbr + t [ rrdr. 

Jo Jo 

Then there exists a version of <j)s (&*) which is continuous in {s,t), differentiable in 
t and ^|o0(6') = X'\ 

Proof. For the proof of this theorem and its generalization to more general h, 
the reader is referred to Section 3.1 of 0^1 and to @7]. Let me just point out here 
that formally the proof is very analogous to the deterministic version in Theorems 
Ol and in^ ■ 

7.3. Quasi — Invariance Flow Theorem for W {M). In this section, we will 
discuss the W {M) analogues of Theorems 17. 1 31 and 17 . 141 

Theorem 7.29 (Cameron-Martin Theorem for M). Let h e H{ToM) and be 
the fJ-w{M) ~ well defined vector field on W{M) given by 

(7.34) X':{a)^ //,{a)K for se [0,1], 
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where / / s (cr) is stochastic parallel translation along a E W {M) . Then admits 
a flow e*''^ on W{AI) (see Figure [T^ and this flow leaves the Wiener measure, 
fJ-w{M) 7 quasi-invariant. 




Figure 14. Constructing a vector field, X'\ on W {M) from a 
vector field h on W {ToM). The dotted path indicates the flow of 
a under this vector field. 

This theorem first appeared in Driver gZI for /i e iJ {ToM) n CH[0, 1] , T^M) and 
was soon extended to all h £ H {ToM) by E. Hsu jHSHnE]- Other proofs may also 
be found in |Z3 11261 1144j . The proof of this theorem is rather involved and will not 
be given here. A sketch of the argument and more information on the technicalities 
involved may be found in |49| . 

Example 7.30. When M = K^, //s(cr)uo = for all u e R'' and cr e W{W^). 
Thus X^'(ct) = {hs)a, and e*^ (cr) = a + th and so Theorem 17.291 becomes the 
classical Cameron-Martin Theorem 17. 131 

Corollary 7.31 (Integration by Parts for ij.w(m))- For h G H{ToM) and F e 
J'C\W{M)) as m Eq. {7^, let 

{X'^F){a) = ||oF(e*^\a)) =G(i^F,X'^) 
as in Notation \7.11\ Then 

/ X''Fdfiw(M)^ Fz'^d^wiM) 

JW(M) JW{M) 

where ^ 

(;i; + iRic//>;,d&,), 

{a) := {a) = f //-'Sar 
Jo 

and Ric//^ £ End(ToAf) is as in Eq. i^5.6(J\) . 



90 



BRUCE K. DRIVER 



Proof. A special case of this Corollary 17.311 with F{a) — f{(Js) for some / G 
C°°{AI) first appeared in Bismut The result stated here was proved in 02] as 
an infinitesimal form of the flow Theorem 17. 291 Other proofs of this corollary may 
be found in ^ ^ ^ EH Ell EH 17 5. II ^ ,96i IHSl Ell • This corollary 

is a special case of Theorem 17.321 below. ■ 

7.4. Divergence and Integration by Parts. In the next theorem, it will be 
shown that adapted Cameron-Martin vector fields, X, are in the domain of D* and 
consequently D* is densely defined. For the purposes of this subsection, we assume 
that 6 is a TqM - valued Brownian motion, S = (^) is the evolved Brownian 
motion on M and //g is stochastic parallel translation along E. 

Theorem 7.32. Let X E Xa be an adapted Cameron- Martin vector field on W{M) 
and h := //-^X. Then X G V{D*) and 



(7.35) 



X*1 = D*X= [ {B{h),db)= [ (/i^ + ^Ric//, 
Jo Jo 2 ' 



where B is the random linear operator mapping H to L^{ds,ToM) given by 



(7.36) 



[B{h)l := K + 2 Ric//. 



Remark 7.33. There is a non-random constant C < oo depending only on the bound 



on the Ricci tensor such that lii?! 



H^L'^{ds,TaM) 



< c. 



Proof. I will give a sketch of the proof here, the interested reader may find 
complete details of this proof in j45j . Moreover, we will give two more proofs of 
this theorem, see Theorem 17 . 4UI and Corollarv 17 . 5UI below . 

We start by proving the theorem under the additional assumption that h := 
/ /~^X satisfies sup^gjo i] l^'sl — -^j where if is a non-random constant. 

Let 6* be defined as in Eq. H7.33|l . (Notice that &* is not the fiow of the vector- 
field Y in Eq. H7.30|l but does have the property that ^|o^* = Yg.) Since Cs is 
skew-symmetric, e**^^ is orthogonal and so by Levy's criteria, s e'^'~'''dbr is a 

Brownian motion. Combining this with Girsanov's theorem, s — *■ &* (for fixed t) is 
a Brownian motion relative to the measure Zt ■ fi, where 



(7.37) 



Zt exp 



t{r,e^'-db) - -t^ 



(r, r)ds 



For t e M, let !](/:, •) := 0(6*) where is the stochastic development map as in 
TheoremEini Then by Theorem FT^ X'^ ^ ■^loS(t, •) and in particular if F is a 
smooth cylinder function then X^F — ^|oF(E(t, •)). So diff'erentiating the identity. 



E[F(E(t,-)^t] =E[F(S) 



at i = gives: 



E 



F 



(r, db) 



E[XF] 

This last equation may be written alternatively as 
{DF,X)x =¥.[G{DF,X)]=¥. F- 



{B{h),db) 
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Hence it follows that X e 'D[D*) and 

D*X= [ {B{h),db). 
Jo 

This proves the theorem in the special case that h' is uniformly bounded. 

Let X be a general adapted Cameron-Martin vector-field and h j j^^X. For 
each n G N, let /i„ (s) := Jq h'{r) ■ l\h'(r)\<ndr be as in Eq. (|7.1f(l . Set X" := 
/ /hn, then by the special case above we know that G 'D{D*) and D*X" — 

{B{hn), dh). It is easy to check that 

{X - X", X - = - /i„, h-hn)H->^ as n ^ oo. 

Furthermore, 

Jo 

from which it follows that D*X"^ is convergent. Because D* is a closed operator, 
it follows that X e !?(£)*) and 

D*X= limD*X''^ lim / {B{K),dh) = [ {B{h),db). 

■ 

Corollary 7.34. T/ie operator D* : X ^ (W (M) ,ij,w(m)) is densely defined. 
In particular D is closable. (Let D denote the closure of D.) 

Proof. Let h G H, X'^ :— //h, and F and K be smooth cylinder functions. 
Then, by the product rule, 

{DF, KX'')x = E[G (KDF, X'')] = E[G {D [KF] - FDK, X^)] 
= E[F • KD*X^ - FG {DK, X'')]. 

Therefore KX'' e V{D*) {V{D*) is the domain of D*) and 

D*{KX'') = KD*X'' - G{DK,X''). 

Since 

spa.n{KX^\h £ H &nd K £ TC°°} C V{D*) 
is is a dense subspace of X, D* is densely defined. ■ 

Corollary 7.35. Let h be an adapted Cameron-Martin valued process and Qs be 
defined as in Eq. \6.1\) . Then 

(7.38) (^X'^^'^y 1^ j\Q''h\db). 
Proof. Taking the transpose of Eq. (jfi.lfl shows Q*'' solves, 

(7.39) ^g*' + ^ Ric/ / g*'' = with Ql' = Id. 
ds 2 ' ' 
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Therefore, from Eq. (|7^ . 



Ric/ / Q^'h, dh) 



d 
ds 

= I {Q''h',db). 



Ric 



// 



(Q*'7i) , dh 



Theoreni l7.32l niav be extended to allow for vector-fields on the paths of M which 
are not based. This theorem and it Corollary 17.371 will not be used in the sequel 
and may safely be skipped. 

Theorem 7.36. Let h he an adapted TqM - valued process such that h{Q) is non- 
random and h— h{0) is a Cameron-Martin process, X :— :— //h, Ex denote 
the path space expectation for a Brownian motion starting at x £ M, F : C{[0,1] 
M) — > R &e a cylinder function as in Definition \7.4\ and X^F he defined as in Eq. 
\7. ?| ). Then (writing {df,v) for df (y)) 

M^'^F] = MFD*X''] + (d(E(.)F), /i(O)o), 



(7.40) 

where 



D*X'':= [ {K + lRic//^hs,dbs) := [ i 
Jo ^ Jo 

as in Eq. | |y.5'5| ) and B{h) is defined in Eq. y/.^ib]) . 



B{h),db), 



Proof. Start by choosing a smooth path a in AI such that a{0) = h{0)o. Let 



C:= / R//ih,Sb), 



= /i' + -Ric//(/i), 



e'^db + 1 
.1 



rdX and 



Zt = cxp - 



t{r, e'^-db) + -t' 



(r, r)ds 



be defined by the same formulas as in the proof of Theorem l7.32l Let uo{t) denote 
parallel translation along a, that is 

duoit)/dt + T{a{t))ua{t) =0 with uo{0) = id. 

For t e R, define •) by 

E(t, 6s) = u{t, s)6hl with 0) = a{t) 

and 

u{t,Ss)-\-T{u{t,s)Ssbl)u{t,s) = with u{t,0) = Uo{t). 

Appealing to a stochastic version of Theorem 14.141 (after choosing a good version 
of S) it is possible to show that E(0, •) = X, so the XF = ^\oF [S(t, •)] • As in 
the proof of Theorem 17.321 6* is a Brownian motion relative to the expectation Mt 
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defined by Et{F) := E [ZtF]. From this it is easy to sec that S(t, •) is a Brownian 
motion on M starting at a{t) relative to the expectation Et. Therefore, for all t, 

E[F(I](i,.))^t] =E„(t)F 

and differentiating this last expression ai t — gives: 



E - E 



F / {r,db) 







= (dE(.)F,/i(0)o). 



The rest of the proof is identical to the previous proof. ■ 
As a corollary to Theorem 17.361 we get Elton Hsu's derivative formula which 
played a key role in the original proof of his logarithmic Sobolev inequality on 
W{M), see Theorem ESS below and 

Corollary 7.37 (Hsu's Derivative Formula). Let Vo £ TqM . Define h to he the 
adapted ToM - valued process solving the differential equation: 

(7.41) h'g + ^ Ric//^ hs — with ho = Vq. 
Then 

(7.42) {d{E^.)F),Vo) ^Eo[X''F]. 

Proof. Apply Theorem OEl to X'^ with h defined by lEHJ. Notice that h has 
been constructed so that B{h) = 0, i.e. D*X^ =0. ■ 

The idea for the proof used here is similar Hsu's proof, the only question is how 
one describes the perturbed process S(t, •) in the proof of Theorem 17.361 above. It 
is also possible to give a much more elementary proof of Eq. H7.42fl based on the 
ideas in Sectional see for example |57j . 

7.5. Elworthy-Li Integration by Parts Formula. In this subsection, let 
{-'^JLo C r(rM), B be a R" - valued Brownian motion and Tf (m) denote 
the solution to Eq. H5.1|l with (3 — B he a.s in Notation 17.251 We will further 
assume that X (to) : M" — + TmM (as in Notation 15. 4|l is surjective for all m G M 

and let X(to)'*^ — [X (to) |Nui(x(m))^] s-s in Eq. IjCSfl . The following Lemma is 
an elementary exercise in linear algebra. 

Lemma 7.38. For to e M and v,w d TmM let 

{v, w)rn := (X (to)* V, X (to)* w)R,^ . 

Then 

(1) TO — > (•, •),„ is a smooth Riemannian metric on M. 

(2) X (to)*' = X (to)"^ and in particular X (to) X (to)*' = idx^M for all to G 
M. 

(3) Every v G T^M may be expanded as 

n n 

(7.43) v = Y,{v, X, {m))X, (to,) = ^^(i^, X (to) e,)X (to) e, 

where {ej}"^j^ is the standard basis for M". 

The proof of this lemma is left to the reader with the comment that Eq. (|7.43|) 
is proved in the same manner as item (1) in Proposition [ 
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Theorem 7.39 (Elworthy - Li). Suppose kg is a TqM valued Cameron- Martin 
process such that E |^sl^ ds < oo and F : W (A/) ^ M zs a hounded - function 
with hounded derivative on W, for example F could he a cylinder function. Then 



E[{dwiM)F) (Z.k.)] =E 



(7.44) 



E 



f{j:) f {Zsk',,x{j:,)dB,) 

Jo 

F(I]) / {X{i:sf Z,,kldB,) 
Jo 



where and Zg ~ {Tf^^^ is the differential of m ^ (m) at a. 

Proof. Notice that Zgks £ T^,M for all s as it should be. By a reduction 
argument used in the proof of Theorem 17.321 it sufhces to consider the case where 
\k'g\ < K where K is a. non-random constant. Let kg be the TqM - valued Cameron- 
Martin process defined by 

hg :— / X (Sr)*' ^r^r'^''- 

Jo 

Then by Lemma FT^ and Theorem FT^ 

dhTf (o) = Zg f Z-iX (E,) h'^dr 
Jo 

= Zg / Z^^X. (Sr) X (Sr)'"' Zrk'^dr ~ Zgkg. 
Jo 

In particular this implies 

dhF (r(^) (o)) = {dF (E) , dhTf (a)) ^ {dwiM)F (S) , Zk) 

and therefore by integration by parts on the flat Wiener space fTheorem l7.32ll with 
Af = M") implies 



E [{dw(M)F) (S) iZ.k.)] =E[dh [F(E)]] = E 



F(S) r(K,dBg) 
Jo 



F{i:) / {X{j:g f Zgk'^,dBg 

Jo 



By factoring out the redundant noise in Theorem l7.39l we get yet another proof 
of Corollary 17. 351 which also easily gives another proof of Theorem 17.321 

Theorem 7.40 (Factoring out the redundant noise). Assume X (to) = P (m) and 
Xq = 0, kg is a Cameron- Martin valued process adapted to the filtration, := 
(T (S^ '■ r < s) , then 



E [{dw(M)F) {//Ql'k)] - E 



FiY.) I {//gQ'Jki,dbg 





where Qg solves Eq. 1^6. 
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Proof. Using 

E [{dwiM)F) i//zk)] = E 

= E 



F(S) / {//.zX.dbs) 



F(E) / {//sZsK,dh) 



along with Theorem 15.441 we find 

E [{dw(M)F) U/zk)] = E 



As observed in the proof of Corollary 16. 41 zt = Qf which completes the proof. ■ 
The reader interested in seeing more of these type of arguments is referred to 
Elworthy, Le Jan and Li |7()j where these ideas are covered in much greater detail 
and in full generality. 



7.6. Fang's Spectral Gap Theorem and Proof. As in the flat case we let 
£ — D* D - an unbounded operator on (W {M) ,Hw{m)) which is a "curved" 
analogue of the Ornstein-Uhlenbeck operator used in Theorem 17.231 It has been 
shown in Driver and Rockner 55 that this operator generates a diffusion on W{M). 
This last result also holds for pinned paths on M and free loops on M^, see 

In this section, we will give a proof of S. Fang's [7S] spectral gap inequality for 
C. Hsu's stronger logarithmic Sobolev inequality will be covered later in Theorem 
EH below. 

Theorem 7.41 (Fang). Let D be the closure of D and C be the self-adjoint operator 
on {l^w(M)) defined by C — D*D. (Note, if M — R"* then C would be an infinite 
dimensional Ornstein-Uhlenbeck operator.) Then the null-space of C consists of the 
constant functions on W{M) and C has a spectral gap, i.e. there is a constant 
c > such that {CF,F) r-ii \ > c{F,F)r-2i \ for all F G 'DiC) which are 
perpendicular to the constant functions. 

This theorem is the W (M) analogue of Theorem l7.23l The proof of this theorem 
will be given at the end of this subsection. We first will need to represent F in 
terms of DF. (Also see Section ITTI below.) 

Lemma 7.42. For each F E (VK (M) , //^^^jji/-)) , there is a unique adapted 
Cameron-Martin vector field X on W{M) such that 

F = EF + D*X. 

Proof. By the martingale representation theorem (see Corollarv l7.2Uf) . there is 
a predictable ToM-valued process, a, (which is not in general continuous) such that 

E / Icspds < oo, 
Jo 

and 

(7.45) F^EF+ I {a„dhs). 

Jo 
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Define h := B (a), i.e. let h be the solution to tlie differential equation: 

(7.46) ^^^//. = ■^it^ ^0 = 0. 

Claim: B^^ is a bounded linear map from L^{ds, TqM) H for each a ^ W (M) , 

and furthermore the norm of B~^ is bounded independent of a Q W (M). 

To prove the claim, use Duhamel's principle to write the solution to H7.46|l as: 

(7.47) h,^ f Q'J {Q';y\rdT. 

Jo 

Since, Wg := Qf (Q^r) ^ solves the differential equation 

1< + A,Ws = with Wr=I 

it is easy to show from the boundedness of Ric / and an application of Gronwall's 
inequality that 



= \WJ <c. 



where C is a non-random constant independent of s and r. Therefore, 



{h,h)H= / \as- - Ric//^hsfds 
Jo ^ 



<2 [ \as\'^ds + 2 [ \l-mc//^hs\'^ds 
Jo Jo 2 ° 

Jo 

where if is a bound on the process ^ Ric//^ . This proves the claim. 

Because of the claim, h := B~^{a) satisfies E [{h, h)H] < oo and because of Eq. 
I|7.47|l . h is adapted. Hence, X :— //h is a.n adapted Cameron-Martin vector field 
and 



D*X= [ {B{h),db)= I (a,db). 
Jo Jo 



The existence part of the theorem now follows from this identity and Eq. (|7.45|l . 
The uniqueness assertion follows from the energy identity: 



E[D*xf = E [ \B 
Jo 



{h)s\'^ds > CE[{h,h)H] ■ 

Indeed if D*X = 0, then /i = and hence X = //h = 0. m 
The next goal is to find an expression for the vector-field X in the above lemma 
in terms of the function F itself. This will be the content of Theorem l7. 451 below. 

Notation 7.43. Let L1{ijlw(m) ■ L'^{ds,ToM)) denote the ToM - valued pre- 
dictable processes, Vg on W (M) such that E |ws|^ds < oo. Define the bounded 
linear operator B : Xa ^ L1^{iiw{m) ■ L^{ds,ToM)) by 

BiX) = Bi//-'X) = ^ [//;'Xs] + i//;iRicX,. 

Also let Q : X X denote the orthogonal projection of X onto Xa- 

Remark 7.44. Notice that D*X = Ji^{B{X),db) for aU X e Xa- We have seen that 
B has a bounded inverse, in fact B^^{a) = / /B^^{a). 
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Theorem 7.45. As above let D denote the closure of D. Also let T : X ^ Xa he 

the hounded linear operator defined by 

T{X) = {B*I3)-^QX 
for all X e X. Then for all F e V{D), 

(7.48) F = EF + D*TDF. 

It is worth pointing out that 13* is not / / B* but is instead given by Q//B*. 
This is because //B* does not take adapted processes to adapted processes. This 
is the reason it is necessary to introduce the orthogonal projection, Q. 

Proof. Let Y € Xa he given and X G Xa he chosen so that F = EF + D*X. 
Then 

{Y, QDF)x = {Y, DF)x=E [D*Y ■ F] 
= E[D*Y- D*X] = E 
= {Y,B*BiX))x, 

where in going from the first to the second hne we have used E[D*F] = 0. From 
the above displayed equation it follows that QDF = 13* B{X) and hence X = 
{B*]3)-'^QDF ^T{DF). ■ 

7.6.1. Proof of Theorem \TTl\ Let F £ V{D). By Theorem mHl 

E [F - EF]' = E [D*TDFf = E\B{TDF)\l,^^^ r^^^j^ < C{DF, DF)x 

where C is the operator norm of ]3T. In particular if F e T>{C), then {DF, DF)x — 
E[CF ■ F], and hence 

Therefore, if F e Nul(£), it follows that F = EF, i.e. F is a constant. Moreover if 
F _L 1 (i.e. EF = 0) then 

(£F,F)^,(^^^^^^) > C-\F,F)^,^^^^^^^y 
proving Theorem 17.411 with c = . 

7.7. W (Af ) — Martingale Representation Theorem. In this subsection, S is 
a Brownian motion on ill starting at o e Af, / / a is stochastic parallel translation 
along E and 

6. = [*(S)],= f //-H-z, 

Jo 

is the undeveloped ToAf - valued Brownian motion associated to S as described 
before Theorem 15. 291 

Lemma 7.46. /// e (Af"+i) and i < n, then 

E [ //-igrad J (S,, , . . . , , | .F,„] 

(7.49) = //-igrad,(e(^"+-^")^"+^/V) (S., , . . . , E.„, S,J . 
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Proof. Let US begin with the special case where / — g^h for some g E C°° (M") 
and h e C°°[M) where g h{xi, . . . , Xn+i) :— g {xi, . . . , Xn) h {xn+i) ■ In this case 

//-igradj (E,,, . . . , = //;/grad,5 (E,,, . . . , E. J • (E,„^J 

where / gradj g (E^^ , . . . , Eg^) is JF^^ - measurable. Hence by the Markov prop- 
erty we have 

E [//-igradj (E,,, . . . , E,„, E,„^ J | .F,„] 
= //;/grad,g (E,,, . . . , E,J E [/i (E,„+ J | T^,] 
= //-igrad,g (E,„ . . . , E,J (e(-+--)A/2;,) (s,J 
= //:/grad,(e(^"+-^")^-^/V) . . . , E,„, E, J . 

Alternatively, as we have already seen, Ms := (e(*"+i~^)'^/^/i) (E^) is a martingale 
for s < s„+i, and therefore, 

E[/i(E,„^J|.F,„] -E[M,„^J.F,„] =M,„ = (e(^"+i-^")^/2/i) (E,J . 

Since Eq. H7.49(l is linear in /, this proves Eq. I|7.49|l when / is a linear combination 
of functions of the form g (g) h as above. 

Using a partition unity argument along with the standard convolution ap- 
proximation methods; to any / £ C°° (M"+^) there exists a sequence of fk E 
C°° (M"+^) with each fk being a linear combination of functions of the form g®h 
such that fk along with all of its derivatives converges uniformly to /. Passing to 
the hmit in Eq. (|7.49(l with / being replaced by /fc, shows that Eq. H7.49|l holds 
for aU / e C°° (M"+i) . ■ 

Recall that Qs is the End (ToM) - valued process determined in Eq. and 



ds 



—( 

ds 



Qs ^ solves the equation, 
(7.50) 



^q;1 = ^ Ric//^ q;1 with Qq-i = /. 



Theorem 7.47 (Representation Formula). Suppose that F is a smooth cylinder 
function of the form F (a) ~ f {as-^ , ■ ■ ■ , Cs,, ) , then 



(7.51) 



F(E) =EF+ / {as,dbs 
Jo 



where as is a bounded predictable process, as is zero if s > s„ and s —^ as is 
continuous off the partition set, {si, . . . , s„}. Moreover a^. may be expressed as 



(7.52) 



as Qs'^E 



J2 ls<s.Q..//;/gradJ (E,,, . . . , E, J 



Proof. The proof will be by induction on n. For n — 1 suppose F (E) = / (Et) 
for some t E (0, 1]. Integrating Eq. H5.38(l from [0,t] with g = f implies 

(7.53) F (E) = / (E,) = e*^/V (o) + f\//;' grad e^'-^^^/'f (E,) , dbs). 

Jo 

Since e*^/^/ (o) = EF, Eq. lf735|l shows Eq. lf73T|l holds with 

a. = lo<s<t//;'grad e^*-^)^/^ (^s) ■ 
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By LemmaEH Qs//7^grad e^*-")^/^/ (S^) 

is a martingale, and hence 

Q,//;igrad e(*-^)^/2/(I],)=E[Qt//r^grad /(E*)]^,] 

from which it follows that 

as - lo<.<t//;'grad e^*-^)^/^/ (S,) - lo<s<tQ7'E [Qt//r' grad . 

This shows that Eq. (|7.52|) is valid for n — 1. 

To carry out the inductive step, suppose the result holds for level n and now 
suppose that 

i^(S) = /(S.,,...,E.„^J 
with < si < S2 • • • < Sn+i < 1. Let 

(A„+i/)(xi,X2, . . . ,a;„+i) = (A.g)(a;„+i) 

where 5(2^) := fi^i, X2, ■ • • , Xm x). Similarly, let grad„_|_]^ denote the gradient acting 
on the (?i + l)"" - variable of a function / e C°°(M"+i). Set 

for s„ < s < s„_|_i. By Ito's Lemma, (see Corollary 15 . 1 81 and also Eq. (|5.38|) . 

d [H{s, S,)] = (grad„+ie(^"+i-^)^"+^/V)(S., , . . . , , E„ / / sdb^) 
for s„ < s < Sji+i- Integrating this last expression from s„ to Sn+i yields: 



(7.54) +y (//;Vad„+ie(^"+-^)'^"W2j)(s,^^...,E,„,E,),d6,) 

(7.55) =(e(^"+^-^")^"+^/V)(S.,,...,S,„,I],J+ r^\as,dh), 



where //7Hgrad„+i e(""+i-")'^"+i/V)(Ssi , • • ■ , Ss„ , S^). By the induction 

hypothesis, the smooth cylinder function, 

may be written as a constant plus J^{ds,dbs), where dg is bounded and piecewise 
continuous and = if s > Sn- Thus if we let Ug := dg + ls„<s<s„+ias, we have 
shown 

Jo 

for some constant C. Taking expectations of both sides of this equation then shows 
C = E [i^(S)] and the proof of Eq. H7.51|l is complete. So to finish the proof it only 
remains to verify Eq. (|7.52l) . 
Again by Lemma lfi.ll 

s ^ Ms := Q,//;i(grad„+i e(^.+i-^)A„+i/2^)(j.^^ ^ ^ ^s^,^s) 

is a martingale for s G [s„, s„+i] and therefore, 

Ms = Q.//7i(grad„+i e(^"+^-^)^"+^/2/)(S., , . . . , E.„, S,) 
(7.56) 



E[M,„^,|.F,] =E Q,„+,//-i^^(grad„+i/)(S3,,...,E,„,S,„+J 
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I.e. 



(7.57) = Q-'E [q.„^,//-i^, (grad„+i/) (S,,, . . . , S.„, S.„+,; 

Using this identity, Eq. (|7.54|) may be written as 
=g(S,,,...,S,J 

(7.58) 



+ / (0;'E g.„+,//~i (grad„+i/)(S,,,...,I],„,E,„^J 



,db, 



where 

5 (a:i, . . . , x„) := (e(-"+i-^")^"+i/2/) (.ti, . . . , a:„, x„) . 
By the induction hypothesis, 

g(Ssi,...,I]s„) 



(7.59) + ^ /q;^IE 



,dbs 



where C = E [F(I])] as we have aheady seen or alternatively, by the Markov prop- 
erty, 

C := E(e(^"+i-^")^"+i/V)(S., , . . . , E,„ , J 
(7.60) = E/(S3, , . . . , , S,„+, ) = E [F(S)] . 

By Lemma 17.461 for s < s„ and i < n 

E[g,,//-Vad,5(E,,,...,I],J|.f,] 



E 



Q,,E [//-igrad,(e(«"+^-^")'^"+^/2/) (E,,, . . . , E,„,E,J 
(7.61) = E [g,,//-igradj (S,,, . . . , S,„, E,„^J | .F,] . 
While for s < s„ and i — n, we have: 

grad„5 (S., , . . . , ) = grad„ (e(-"+i--") j) (^^^ , . . . , , E, J 

+ grad„+i(e(^"+^-^")^"+i/2/) (S.,, . . . , E,„, E, J , 



g,„//-igrad„(e(^"+-^")^"+^/2/) (S.,, . . . , E,„, E,J .F, 

= E [g,„E [//;;grad„(e(^"+^-^")^"+i/2/) (S.,, . . . , E,„, E,J 
= E [Q,„//,-Vad„/ (E,,, . . . ,E,„,E,„^J| .F,] 
by Lemma 17.461 and 



E 



Q,„//,-igrad„+i(e(^"+i-^")^"+^/2^) (E,,, . . . , E,„, E,J 



.+i//s„+i (gi'ad„+i/) (E,,,...,E^„,E,„^,; 
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from Eq. H7.57|l with s = Sn- Combining the previous three displayed equations 

shows, 



(7.62) 



E [ Qs„ //7>rad„g (E,, , . . . , ) | J^,,] 

= E [Q,„//;„igrad„/ (S,, , . . . , S,„, E.^^ J | T,] 



Assembhng Eqs. (|73^ . GSOJl, ((T^ and ifT:^^ imphes 



I ■ ■ • I Ss„ 



„1 n 

= E [i^ (E)] + / (Q^'^ [ ls<s.Q..//;/gradJ (E,, , . . . , E,,. , E,„^ J | , 

+ ^ (q^^E [i.<.„Qs„+i//-Vi (grad„+i/) (E,,, . . . ,E,„,E,,.^, 
which combined with Eq. (|7.58|) shows 
F(E) = E[F(E)] 



,dbs 



71+1 



J2 l.<..Qs.//;/gradJ (E,,, . . . , E3„,E,„+,; 



This completes the induction argument and hence the proof. 
Proposition 7.48. Equation i7.51[ ) may also be written as 

(7.63) F(E)=E[F(E)]+^ (e ^s-\j^ Q-^QrRic, ,^^rdr 



, db, 



where 



Proof. Let u,; :— / / gradj / (Ej^, . . . , E^^) , so that 

i=l 

and let 

n n 

as := J2 ls<s.Q;'Q..//;/gradJ (E,,, . . . , E, J - ^ l.<s.Q;'Qs.^^^ 

i=l i=l 

Then the Lebesgue-Stieljtes measure associate to is 

n 

d^s = - ^ {ds) Vi 

i=i 

and therefore 



J s J s 
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So by integration by parts we have, for s ^ {0, si, . . . , s„, 1} . 



<" 2 J ^QrRiC//, 



-q' 

ar 



where we have used = 0. This completes the proof since from Eqs. H7.51|l and 



F (S) = E [i? (E)] + / {E[a,\Ts\,dbs 
Jo 



Corollary 7.49. Let F he a smooth cylinder function, then there is a predictable, 
piecewise continuously differentiable Cameron- Martin vector field X such that F = 
E[F]+D*X. 

Proof. Just follow the proof of Lemma 17.421 using Theorem 17.471 in place of 
Corollary on ■ 

7.7.1. The equivalence of integration by parts and the representation formula. 



Corollary 7.50. The representation formula in Theorem \7.4^ may be used to prove 
the integration by parts Theorem \ 7. 3S\ in the case F is a cylinder function. 

Proof. Let be a cylinder function, be as in Eq. H7.52|l . h be an adapted 
Cameron-Martin process and := (Qs') ^s- Then, by the product rule and Eq. 
(1723, 



Hence, 



1 

Jo ^ 



iF + ^ {as,dbs)^ ^ {QfK,dbs) 



{Q'JK,as)ds 



'.in 

/ {Q':K,Y, l,<,.Q;iQ,,//-igradJ (S,,, . . . , I],J)ds 

/ (fc;, ^ l,<,.g,.//-igradj (S,, , . . . , J)d. 
.•^0 i=l 
n 

.i=l 
n 

Y^U/s^s^ , gradj (E,,, . . . , E,J) = E [X'^F] 



.1=1 
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Conversely we may give a proof of Theorem l7.47l which is based on the integration 
by parts Theorem [^22 

Theorem 7.51 (Representation Formula). Suppose F is a cylinder function on 
W (M) as in Eq. {7^ and //7'^£ {DF)^ , then 



(7.64) F = EF + J^ (e ^s-\j^ Q;'QrRic//,^.dr 

where Qs is the solution to Eq. 16'. 



Proof. Let /i e A";! be a predictable adapted Cameron-Martin valued process 
such that E ds < oo. By the martingale representation property in Corollary 

TTM 

(7.65) F = EF+ [ {a,db) 

Jo 

for some predictable process a such that E |as|^ds < oo. Then from Corollary 
17.351 and the Ito isometry property, 

f 1 



E 



(7.66) 



E 



E 



{Ql'h',,as)ds 



F- I {Q''h',db) 
{h'g, Qsas)ds 



On the other hand we may compute E 



XQ"hp 



E 



= E[{DF,//Q''-h)H] =E l\^„^^{Q^^h)^)ds 



(7.67) 



E 



where we have used Eq. (|7.39() in the last equality. We will now rewrite the right 
side of Eq. (|7.67l) so that it has the same form as Eq. H7.66|l To do this let 



Ps := 2 «.ic// 



i Ric / / and notice that 



{£.s,PsQ\'h,)ds 



P*s^s, [ / Kdr I ) ds 



= J drdslo<r<s<i{QsP*s^s,K) = J (^J^ QrP*r(,rdr,h'^ ds 

wherein the last equality we have interchanged the role of r and s. Using this result 
back in Eq. (|7.67(l implies 



(7.68) 



E 



'xQ''h p 



Qs£,s ~ / QrPr&dr, h'^ ) ds. 



and comparing this with Eq. (|7.66|) shows 



(7.69) 



E 



J (^Qsas - Qs£.s + J QrP*r£.rdr,h'^ ds = Q 



for all h £ Xa. 

Up to now we have only used F £ T) (D) and not the fact that F is a cylinder 
function. We will use this hypothesis now. From the easy part of Theorem 17.471 
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we know that as satisfies the additional properties of being 1) bounded, 2) zero 
if s > s„ and most importantly 3) s —^ as is continuous off the partition set, 
{si, . . . ,s„}. 

Fix r e (0, 1) \ {si, . . . , Sn}, V e ToM and let G be a bounded !Fr - measurable 
function. For n G N let ^ 

In (s) := / nl^<^<^+j_dr. 
Jq 

Replacing h in Eq. H7.69|l by /i„ (s) :— G ■ In (s) v and then passing to the limit as 
n ^ oo, implies 



= hm E 

n — ^OO 



sdg Qs^s 



QrP:$rdr, h'^ (s) ) ds 



E 



QrPrS.rdr, V 



and since G and v were arbitrary we conclude from this equation that 



Qt^t 



Thus for all but finitely many s e [0, 1], 



as = Q;^E 



Qs^s 



1" Pt df 



Ts 



E 



1 

6 - 2 y ^QrRiC//,, Cr-d?- 



Ts 



Combining this with Eq. I|7.65|l proves Eq. (|7.t)4|l . 



7.8. Logarithmic-Sobolev Inequality for W (M). The next theorem is the 
"curved" generalization of Theorem l7.24l 

Theorem 7.52 (Hsu's Logarithmic Sobolev Inequality). Let M he a compact Rie- 
mannian manifold, then for all F E T) (Z)) 

E [F^ logF^] <EF^ ■ logEF^ 



ds, 



(7.70) +2E^ //-i^DFl-]^j^ Q-^QrRic//J/-^{DFtdr 

where (DF)'^ :~ ^ (DF)^ . Moreover, there is a constant C — C (Ric) such that 

(7.71) E [f'^ logF^] < CE [{DF, DF)h{t„m)] + EF^ ■ logEF^. 

Proof. The proof we give here follows the paper of Capitaine, Hsu and 
Ledoux ESI- We be gin in the same way as the proof of Theorem 17.241 Let 
F e TC^ {W (M)) ,e>0,He:=F^ + seV{D) and 

»i 



E 



1 f _ 
6 - 2 y QJ^Qr Ric//,, irdr 



Ts 



where 

Then by Theorem ITTtI 



= EH, 



(a, db). 



CURVED WIENER SPACE ANALYSIS 



105 



The same proof used to derive Eq. H7.23|l shows 



E [0 (H,)] = E [0 (Ml)] = (EAh) + -E 



>(EH, 



-E 



^[Hel^s 



|a.,P ds 



By the Cauchy-Schwarz incquahty and the contractive properties of conditional 
expectations, 



E 



j//;! (DF)'^ Q-^Qr Ric//^ (DF)'^ dr 

< 4E [F^\Ts] -E 



//s' (DFYs -\f Qs'Qr Ric//, //-' {DFl dr 
Combining the last two equations along with Eq. Il7.24|l implies 

E0(i7e) <0(Ei/e) 

+ 2E^' E II:' [DFt -\f^ Q7'Qr Ric//, //-I (DF): dr 



ds 



'{EH, 



2IE f II:' (DF)'^ Q:'Qr Ric//,_ //^i [DFI dr 



ds. 



We may now let £ | in this inequality to learn Eq. H7.70|) holds for all F E 
TC' {W) . By compactness of A/, RiCm is bounded on M and so by simple Gronwall 
type estimates on Q and there is a non-random constant K < oo such that 



Therefore, 



II Qs ^'3'" Ri*^//r II op — ^ ^ 

II:' {DF)'^ -^1' Q:'Qr Ric//„ II:' [DFI dr 

1 r' 

iDFy^\ + -K \{DFy^\ds 



f\{DFl\ds 
Jo 



and hence 



<2\iDFy/ + ^K^ 
<2|pF)lf + 1/^2 I li^DFYXds 



2E {DF)'^ - 1 Q:'Qr Ric//^ {DFt dr 

(4 + if2) f\(DF)'Xds. 
Jo 



ds 



< 
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Combining this estimate with Eq. H7.7()|l imphes Eq. (|7.71|l holds with C = 
(4 + K^) . Again, since JFC^ (W) is a core for D, standard hmiting arguments 
show that Eq. lf77n|l and Eq. f7TT|l are vahd for all F £ P (Z)) . ■ 
Theorem 17.521 was first proved by Hsu ,97| with an independent proof given 
shortly thereafter by Aida and Elworthy ^ . Hsu's original proof relied on a Markov 
dependence version of a standard additivity property for logarithmic Sobolev in- 
equalities and makes key use of Corollarv l7.37l On the other hand Aida and Elwor- 
thy show, using the projection construction of Brownian motion, the logarithmic 
Sobolev inequality on W{M) is a consequence of Gross' [M] original logarithmic 
Sobolev inequality on the classical Wiener space W^(R''^), see Theorem 17.241 In 
Aida's and Elworthy 's proof, Theorem 15 .431 plavs an important role. 

7.9. More References. Many people have now proved some version of integration 
by parts for path and loop spaces in one context or another, see for example 21" 25| 

ElEiEHlEZIEZIEHllliESllTllTTIIHlinill^ We 

have followed Bismut in these notes who proved integration by parts formulas for 
cylinder functions depending on one time. However, as is pointed out by Leandre 
and Malliavin and Fang, Bismut 's technique works with out any essential change 
for arbitrary cylinder functions. In |47l I48j . the flow associated to a general class of 
vector fields on paths and loop spaces of a manifold were constructed. The reader 
is also referred to the texts ,70j ,99i il69| and the related articles [50117^1^17^11511 

ES 113 El 123 133 EHl EH Hi 11211 . 

Many of the results in this section extend to pinned Wiener measure on loop 
spaces, see |48| for example. Loop spaces are more interesting than path spaces 
since they have nontrivial topology. The issue of the spectral gap and logarithmic 
Sobolev inequalities for general loop spaces is still an open problem. In (92| , Gross 
has prove a logarithmic Sobolev inequality on Loop groups with an added "potential 
term" for a special geometry on loop groups. Here Gross uses pinned Wiener 
measure as the reference measure. In Driver and Lohrenz 54 , it is shown that a 
logarithmic Sobolev inequality without a potential term does hold on the Loop 
group provided one replace pinned Wiener measure by a "heat kernel" measure. 
The quasi-invarariance properties of the heat kernel measure on loop groups was 
first established in ,[50t i51j . For more results on heat kernel measures on the loop 
groups see for example, jSHl El EHI EH EH E21 ESI • 

The question as to when or if the potential is needed in Gross's setting for 
logarithmic Sobolev inequalities is still an open question, but see Gong, Rockner 
and Wu EH] for a positive result in this direction. Eberle [SSI E3 EDI 1^ has 
provided examples of Riemannian manifolds where the spectral gap inequality fails 
in the loop space setting. The reader is referred to |52l EH] and the references 
therein for some more perspective on the stochastic analysis on loop spaces. 
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8. Malliavin's Methods for Hypoelliptic Operators 

In this section we will be concerned with determining smoothness properties of 
the Law (St) where Et denotes the solution to Eq. (|5.1|1 with Sq = o and (3 — Bis an 
K" - valued Brownian motion. Unlike the previous sections in these notes, the map 
X (m) : M" T„iM is not assumed to be surjective. Equivalently put, the diffusion 
generator L := ^ ^"=1 ^f+^o is no longer assumed to be elliptic. However we will 
always be assuming that the vector fields {^ilf^g satisfy Hormander's restricted 
bracket condition at o € M as in Definition 18.11 Let /Ci := {^i, . . . ,Xn} and JCi 
be defined inductively by 

ICi+i^{[X,,K] -.KelCijUlCi. 

For example 

JC2 ={Xi, . . .,Xn} U {[Xj,Xi] : i,j = 1, . . . ,n} and 
/C3 = {Xi, . . . , Xn} U {[X,,X,] : i, J - 1, . . . , n} 

U{[Xk,[Xj,X,]] :i,j,/c==l,...,n} etc. 

Definition 8.1. The collection of vector fields, {^i}"^Q C T (TM) , satisfies 
Hormander's restricted bracket condition at m £ M if there exist I G N 
such that 

span({if (to) : K G JCi}) = T^M. 

Under this condition it follows from a classical theorem of Hormander that so- 
lutions to the heat equation dtu — Lu are necessarily smooth. Since the funda- 
mental solution to this equation at o e M is the law of the process St, it fol- 
lows that the Law (St) is absolutely continuous relative to the volume measure 
A on M and its Radon-Nikodym derivative is a smooth function on M. Malli- 
avin, in his 1976 pioneering paper |129| . gave a probabilistic proof of this fact. 
Malliavin's original paper was followed by an avalanche of papers carrying out 
and extending Malliavin's program including the fundamental works of Stroock 
[rnZmnHllinni, Kusuoka and Stroock [1201111111121, and Bismut gj. See also 
[13 1121 El [inSl HSl Unni mSl [nni Uni Uni HZZl and the references therein. The 
purpose of this section is to briefly explain (omitting some details) Malliavin meth- 
ods. 

8.1. Malliavin's Ideas in Finite Dimensions. To understand Malliavin's meth- 
ods it is best to begin with a finite dimensional analogue. 

Theorem 8.2 (Malliavin's Ideas in Finite Dimensions). Let W= , fi be the 

Gaussian measure on W defined by 

dii{x) := (2^)"^/'e-5l-l'drn(a;). 
Further suppose F :W ^ (think F — Yit) is a function satisfying: 

(1) is smooth and all of its partial derivatives are in 

L°°- (^) :=ni<p<ooiP(W^,A^). 

(2) i*' is a submersion or equivalently assume the "Malliavin" matrix 

C{lu) := DF{uj)DF{uj)* 
is invertible for all ui G W. 
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(3) Let 

A{uj) := detC(w) = det{DF{u;)DF{Ljy) 
and assume A^^ e L°°^ (/i) . 
Then the law {^p — F^,fi = fi o F~^) of F is absolutely continuous relative to 
Lebesgue measure, A, on R'' and the Radon-Nikodym derivative, p := dfip/dX, is 
smooth. 

Proof. For each vector field Y eV {TR'') , define 

(8.1) Y{uj) = DF{u)*C{uj)'^Y {F (w)) 

— a smooth vector field on W such that DF{oj)Y{u!) = Y {F (co)) or in more 
geometric notation, 

(8.2) F^Y{uj) = Y{F{u)). 

For the purposes of this proof, it is sufficient to restrict our attention to the case 
where 1" is a constant vector field. 

Explicit computations using the chain rule and Cramer's rule for computing 
C{uj)'^ shows that D'^Y may be expressed as a polynomial in A -'^ and D^F for 
£ ^ 0,1,2..., k. In particular D'^Y is in L°°" (p) . Suppose /, g : -> R are 
functions such that /, g, and their first order derivatives are in L°°~ (fi) . Then by 
a standard truncation argument and integration by parts, one shows that 

(Y/)gd/i= / f{Y*g)dfi, 
iw Jw 

where 

¥*=-¥ + S{Y) and S{Y){lu) := - div(Y)(tj) + Y(w) • uj. 

Suppose that G C^{R'^) and e R"^ C F (R"*) , then from Eq. (|H3 and 
induction, 

{Y,Y2---Yk(t>){F{Lu)) = iYiY2---Yki^oF)){Lu) 

and therefore, 

{Y1Y2 ■ ■ ■ Yu(j>)dnF = I {Y1Y2 ■ ■ ■ Yk(t>)iF{Lu)) dii{u;) 
Jw 

(YiY2---Yfc(0oi^))(u;)d/.(^) 

w 

(8.3) =/ <p{F{uJ))■{YlYl_^■■■Yll){u)d^Ji{uJ). 

Jw 

By the remarks in the previous paragraph, (Y^Y^._]^ • • • Y|l) e L°"^ {ji) which 
along with Eq. (|8.3|l shows 



{YlY2■■■Yk(p)d^iF 



< C ||0||ioo(][jd) 



where C — ||Y^.Y^_-^ • • • Y5;l||^i^^^ < 00. It now follows from Sobolev imbedding 
theorems or simple Fourier analysis that fip ^ X and that p :— dfip/dX is a smooth 
function. ■ 
The remainder of Section |S1 will be devoted to an infinite dimensional analogue 
of Theorem 18 . 21 (see Theorem 18. 9|) where M.'^ is replaced by a manifold M'^, 

1¥ := {w G C([0,oo),R") :w(0)=0}. 
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fj, is taken to be Wiener measure on W, Bt : W ^ R" be defined by Bt (cu) — uit 
and F St : (E") ^ M is a solution to Eq. (EH with So = o G M and /3 = B. 
Recall that fi is the unique measure on J-' := a {Bt : i G [0, oo)) such that {St}f>o 
is a Brownian motion. I am now using t as the dominant parameter rather than s 
to be in better agreement with the literature on this subject. 

8.2. Smoothness of Densities for Hormander Type Diffusions . For simplic- 
ity of the exposition, it will be assumed that M is a compact Riemannian manifold. 
However this can and should be relaxed. For example most everything we are going 
to say would work if M is an imbedded submanifold in and the vector fields 
{Xj}"^Q are the restrictions of smooth vector fields on K.^ whose partial derivatives 
to any order greater than arc all bounded. 

Remark 8.3. The choice of Riemannian metric here is somewhat arbitrary and is 
an artifact of the method to be described below. It is the author's belief that this 
issue has still not been adequately addressed in the literature. 

To abbreviate the notation, let 

H = l^h eW : {h,h)H ■■= h{t)^dt<oo^ 

and DSt : H T^^M he defined by (DSt) h := dhTf (o) as defined TheoremOEl 
Recall from Theorem 17. 261 that 



(8.4) 



(I?St) h:=Zt f Z-'X (S,) h^dT = //tzt f z- V/;'X (SO KdT, 

JQ Jo 



where hr := ^^t, Zt :— (Tf^^^ : TqM T^^M, j jt is stochastic parallel transla- 
tion along S and zt / j^^Zt- In the sequel, adjoints will be denote by either " * 
" or " " with the former being used if an infinite dimensional space is involved 
and the latter if all spaces involved are finite dimensional. 

Definition 8.4 (Reduced Malliavin Covariance). The End (TqA/ ) ~ valued random 
variable, 

(8.5) Ct := /* Z-iX (SO X (S,)*"" {Z-^f dr 

Jo 



f z- (SO X (SO'-^ //r {z~'t dr, 
Jo 



(8.6) 

will be called the reduced Malliavin covariance matrix. 

Theorem 8.5. The adjoint, (-DSt) : T-^^M iJ, of the map DY,t is determined 
by 

(8.7) ^ [(DSt)* //tv] ^ = lr<tX (SO*"" //r (ztZ-'f V 

for all V G TqAI. The Malliavin covariance matrix Ct '■— DYit (I?St)* : T-^^M — > 
Ts^M is given by Ct = ZtCtZf^ or equivalently 

(8.8) Ct = D^t [D^tT = //tZtCtz';/lt^. 
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Proof. Using Eq. 



ft 

-1 / /-I 



Te. M 



/Azt / z-V/;^X(E,)/i,dT,/Ai; 
\ Jo 

- / (2t2-V/;'X(E,)A,,t;\ dT 
Jo \ /t„m 

(8.9) = f (K,X{Erf //r{ztz-'fv) dr 

which impHes Eq. 1)8.7(1 . Combining Eqs. 18.4|l and 18.7|l . using 

shows 

i?St (DEO* //ti^ = Zt f Z-^-JL (S,) X (S,)*^ //, (ztz-i)"' «dr 
Jo 

= / Z.-iX (SO X {Y.rT {Z-^t ZT/ltvdT. 

JQ 



Therefore, 



Ct = ZtCtZr = //tztazf//,-^ 



from which Eq. (|8.8|) follows. ■ 
The next crucial theorem is at the heart of Malliavin's method and constitutes 
the deepest part of the theory. The proof of this theorem will be postponed until 
Section lO below. 

Theorem 8.6 (Non-degeneracy of Ct)- Let Aj := det {Ct) ■ If Hormander's re- 
stricted bracket condition at a Cz M holds then At > a.e. (i.e. C't is invertihle 
a.e.) and moreover K'^^ e L°^^ (/i) . 

Following the general strategy outlined in Theorem 18.21 given a vector field 
y e r (TM) we wish to hft it via the map : T4^ ^ M to a vector field Y* on 
W -.— W (M") . According to the prescription used in Eq. 1)8. l|l in Thcorcm l8.2l 

(8.10) Y* := (i^EO* {D^t {D^tT)'' ^ i^t) = (D^t)* C^'Y (E^) e H. 
FromEq. (jHIHl) 

and combining this with Eq. H8.10|l . using Eq. (|8.7() . implies 

^Y* = ir<t^ [(^0 lit {z^y^ cyzyiiyy (E,)] ^ 
= i.<tX (E^'-- /A {ztz^f (zf)-' cyzyiiyy (EO 

= l.<tX (EO"- II. {z^f CyZ-^Y (Et) 
= l.<tX [^^f {Zyy CyZ^Y (Et) . 
Hence, the formula for Y* in Eq. (|8.1l)|) may be explicitly written as 

r\zyy.{^r)T dr 

Jo 



(8.11) Y* 



CyZ^YiJlt). 
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The reader should observe that the process s ^ Y* is non-adapted since Cj ^Z^ (St) 
depends on the entire path of S up to time t. 

Theorem 8.7. Let F e F {TM) and Y* be the non-adpated Cameron- Martin pro- 
cess defined in Eq. Then Y* is "Malliavin smooth," i.e. Y* is H - differ- 
entiate (in the sense of Theorem \ 1. IJ^ to all orders with all differentials being in 
L°°- ifi) , see Nualart HSI for more precise definitions. Moreover i/ / G C°° (M) , 
then / (St) is Malliavin smooth and 

(8.12) (5[/(St)],Y*)H=r/(St) 

where D is the closure of the gradient operator defined in Corollary \7.16] 



Proof. We only sketch the proof here and refer the reader to |145[ 1121 1146| with 
regard to some of the technical details which are omitted below. Let {ci}'^^^ be an 
orthonormal basis for T^M, then 



(8.13) 
where 



Y* = ^ {e,,Cr'Zr'Y (St)) {Z-'X{j:r)fedT = ^a./i^ 

^=l i=l 



{e,,C^'Z-'Yi^t)) and/i^ 



(Z-iX(S,))*''e,dr. 



It is well known that solutions to stochastic differential equations with smooth 
coefRcients are Malliavin smooth from which it follows that h"^, Z^^^Y (St) , and Ct 
are Malliavin smooth. It also follows from the general theory, under the conclusion 
of Theorem 18. 61 that C^^ is Malliavin smooth and hence so are each the functions 
Oi for i = 1, . . .d. Therefore, Y* — o-ih^ is Malliavin smooth as well and in 

particular Y* G 2? (D*) . It now only remains to verify Eq. H8.12(l . 

Let h he a non-random element of H. Then from Theorems 17.141 17.151 17.261 and 
the chain rule for Wiener calculus, 



E [/ (St) • D*h] = E [dh [/ (St)]] = E [df {DJ:th)] 
= E df(^ZtJ^ Z-'^X{j:r)hrdT^ 



E 



V/(St),Zt / Z-'Xi^r)hrdr) 

Jo I T^^M 

* X (SO"' {z-^T zrwf (St) V/ (St) , k 



dr 



from which we conclude that / (St) G V (D**) = V [D] and 



(Difim), 



X(S,)"-K-i)"zrV/(St)dr. 
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From this formula and the definition of Y* it follows that 

(vf (St) , Zt Z-'X (SO (Z-^X (S,))*' dr^ C^'Z^^Y (S*) 

(v/ (St) , z.CtCrizr^r (St)) = (v/ (St) , Y (s 



Notation 8.8. Let Y* act on Malliavin smooth functions by the formula, Y*F := 
{DF,Y*)j^ and let (Y*)* denote the (n) - adjoint of Y*. 

With this notation. Theorem 18 . 71 asserts that 

(8.14) Y*[/(St)] = (y/)(St). 

Now suppose F, G : W ^ M. are Malliavin smooth functions, then 

E [Y^F -G + F ■ Y*G] = E [Y* [FG]] = E [{D [FG] , Y*)^] 
= E [F • GL>*Y*] 
from which it follows that G E V ((Y*)*) and 

(8.15) (Y*)*G= -Y*G + Gi:'*Y*. 

From the general theory (see p[46j for example), D*U is Malliavin smooth if U 
is Malliavin smooth. In particular (Y*) G is Malliavin smooth if G is Malliavin 
smooth. 

Theorem 8.9 (Smoothness of Densities). Assume the restricted Hormander con- 
dition holds at a E M (see Definition \H.l]) and suppose f E G°° (M) and 
{y^}^=l C r (TM) . Then 

E[{Y,...Ykf) (SO]=E[Y*...YU/(St)]] 



E 



[/(St)] (Yl)*...(Y*0*l 



(8.16) 

Moreover, the law of Sj is smooth. 

Proof. By an induction argument using Eq. (|8.14|) . 

Y*...Y*,[/(St)] = (ri...y,/) (St) 

from which Eq. H8.16|l is a simple consequence. As has already been observed, 
(Y* )* . . . (Y*)* 1 is Malhavin smooth and in particular (Y^* . . . (Y*)* 1 E (/Lt) . 
Therefore it follows from Eq. (|8.16|) that 



.17) 



|E[(yi...nj)(St)]|< (Y*)*...(Y*)*1 



L1(m) 



1/11 



Since the argument used in the proof of Theorem 18.21 after Eq. H8.16() is local in 
nature, it follows from Eq. (|8.17|) that the Law(St) has a smooth density relative 
to any smooth measure on M and in particular the Riemannian volume measure. 
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8.3. The Invertibility of Ct in the ElHptic Case. As a warm-up to the proof 
of the full version of Theorem 18. 61 let us first consider the special case where X (m) : 
M" TraM is surjective for all m E M. Since M is compact this will imply there 
exists and e > such that 

X(m)X''(m) > e/T„M for aU m e M. 

Notation 8.10. We wih write / (e) = O (e°^~) if, for all p < oo, 

Proposition 8.11 (Elliptic Case). Suppose there is an e > Q such that 

X(m)X*' (m) > elT^M 
for all m € M, then [det {Ct}] € . 

Proof. Let 6 e (0,1) and 
(8.18) Ts := inf {t > : \zt - It^m\ > S} 

where, as usual, 

Since for all a£ToM, 

(Z7iX(S0X*'-(E0(^f)"'a,a) 

= (x(EOx*-xs.) {z';y' a, (zi'y' a) 

> e({ZlY' a, {Z'jy' a) = e (a, Z^}' {Z'^y' a 

we have 

z-ix(s],)x"-(s.) (^^'r' 

> ez^; {z^;y' = e^V/r {//IT" i^T" - (-D 

Hence 



Ct^ / zyxi^r)x''ij:r){z'/) dT 

JQ 

ft rtATs 

>e Zy{ZlY'dr>e {z^T dr 

Jo Jo 



At = det (Ct) > £" det / z^J {z'J) ^ dr 



t/\Ts 



and therefore, 



By choosing S > sufficiently small we may arrange that 



< 1/2 



for all T < t A Ts in which case 



rtATs 

/ {zl') dT > -t ATs ■ Id 

Jo 2 
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and hence At = det (Ct) > s"^t ATs. From this it follows that 
Now 



tATs 



JtATs dr J \ Jo 



lt/\Ts 

T-P-'^fi {tATs< t) dr 

Jo 

which wiU be finite for all p > 1 iff /i (t A T5 < t) = ^ {Ts < t) = 0{t'') as r i for 
aU fc > 0. 

By Chebyschev's inequalities and Eq. (|9.1U|) of Proposition 1^31 below. 

0(tP/2). 



19) fi{Ts <t) ^ fi[snp\zs- I\> S ] < S-PE 



S<T 



j < S-PE 


sup Iz^ - I\P 




_s<r 



Since p > 2 was arbitrary it follows that fJ,{Ts < t) — O (r°° ) which completes 
the proof. ■ 



8.4. Proof of Theorem EI 
Notation 8.12. Let S -.^ {v e ToM : {v, v) = 1} , i.e. S is the unit sphere in ToM. 
Proof. {Proof of Theorem \8.bl ) To show C^T^ G L°°^ (/i) it suffices to shows 
^i{mi{Ctv,v) <e)^0{e°^-). 

To verify this claim, notice that Aq := iniy^s{Ctv, v) is the smallest eigenvalue of Ct- 
Since det Ct is the product of the eigenvalues of Ct it follows that At := det Ct > Aq 
and so {detCf < e"} C {Aq < e} and hence 

M (det Ct < e") < M (Ao < e) = 0(£°°~). 

By replacing e by e^/" above this implies /i (At < e) = 0{e°°^). From this estimate 
it then follows that 

/"OO />oo 

E [A^"] = E / QT-'i-^dT = gE / 1^^<^ T-i-^dT 

J At Jo 

1*00 /'OO 

= q fi{At < t) T-1'^dT = q 0{tP) T-'^-^dT 
Jo Jo 

which is seen to be finite by taking p> q + 1. 

More generally if T is any stopping time with T < t, since {Ctv,v) < {Ctv,v) 
for all w e it suffices to prove 



(8.20) /i (^inf (Ctw, v) < e j ^ 0{e°°-). 

According to Lemma FS . 1 31 and Proposition 18 . 1 51 below. Eq. H8.20|l holds with 

(8.21) T = Ts := inf {t > : max{|zt - Jy^Af I , dist(Et, Sq)} > 5} 
provided (5 > is chosen sufficiently small. 
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The rest of this section is now devoted to the proof of Lemma [8. 131 and Propo- 
sition]^^ below. In what follows we will make repeated use of the identity, 

(8.22) {CTV,v)=y2[ {Z-'X,{j:r),vydT. 
To prove this, let {ei}"^^ be the standard basis for R". Then 

n 
n 

= ^(z-ix,(i],),i;) zyx,{j:r) 

i=l 

so that 

n 

(z,-ix(s]Ox"-(s.) {z';y\,v) = Y,{zyx,{j:r),vy 

i=l 

which upon integrating on r gives Eq. (|8.22|l . 

In the proofs below, there will always be an implied sum on repeated indices. 

Lemma 8.13 (Compactness Argument). Let Ts be as in Eq. 1^8.21}} and suppose 
for all V £ S there exists i S {1, . . . , n} and an open neighborhood N do S of v 
such that 

(8.23) sup At ( / {Z-^X,{j:r),uy dr <e] =0 (e°°") , 
ueN \Jo J 

then Eq. li8.2Up holds provided S > is sufficiently small. 

Proof. By compactness of 5, it follows from Eq. (|8.23|) that 



(8.24) supfii [ {Z-^X^{J:r),uYdT <e] =0{e°°-) 

ues \Jq J 



For w e TqM, let dw denote the directional derivative acting on functions / (v) with 
V e ToM. Because for all u, w G R" with \v\ < 1 and < 1 (using Eq. ifO^ l. 

\d^{CTsV,v)\<2j2 I ' \{zyX,{i:,),v){zyX,{^,),w)\dT 
i=i -^0 

= 2E r l-r V/;^^.(S.)|L.(«..T„M)'^-' 
1=1 

by choosing (5 > in Eq. H8.21|l sufficiently small we may assume there is a non- 
random constant 6 < oo such that 

sup \dii] (CtsV, v) \ < 9 < oo. 

\v\,\w\<l 

With this choice oi S, ii v,w £ S satisfy \v — w\ < 9 / e then 
(8.25) \{CTsV,v)-{CTsW,w)\<e. 
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There exists D < oo satisfying: for any e > 0, there is an open cover of S with at 
most D ■ {9 ley balls of the form B{vj,e/9). From Eq. (PT^ . for any w e 5 there 
exists j such that v e B{vj, e/6) n S and 

\{CtsV,v) - {CtsVj,Vj) \ < e. 

So if inf^jgs (CtsV, v) < e then minj {Cts^j, Vj) < 2e, i.e. 

lf^{CT,v,v) < e| C \m.va{CT,Vj,Vj) < C |J {{Ct,Vj,Vj) < 2e} . 



Therefore, 



M (]|| {^T,v, v) < <J2f^ {{Ct,Vj,Vj) < 2e) 



< D ■ [e/ef ■s\yp^ji{{CT,v,v) < 2e) 

ves 

< D ■ {e/e)" 0{e°^-) ^ 0{e°°-). 

■ 

The following important proposition is the Stochastic version of Theorem 14.91 
It gives the first hint that Hormander's condition in Definition 18.11 is relevant to 
showing A^^ G L°°~ (^) or equivalently that C^^ e L°°^ (fi) . 

Proposition 8.14 (The appearance of commutators). Let W E T {TM) , then 

n 

(8.26) 5[z;^w{j:s)] ^ z;^[Xo,w]{j:s)ds + z;^J2^x,,w]{j:s)6bi. 

1=1 

This may also be written in ltd form as 

d[Z-'W{^s)] ^ Z-'[X,,W]i^s)dBl 

(8.27) + I^Z-'[Xo, + i^xW) (S.)| ds, 

where LxW :— [X,W] as in Theorem \4.9\ 

Proof. Write 1^(2^) = Z^Ws, i.e. let Ws := Z-^W{T.s). By Proposition ESi 
and Theorem l5.41l 

Vis.W^ = [W (S,)] = [Z,ws] = (S^Zs) Ws + ZsSws 

= (V^^^^X) SBs + (yZsWsXo) ds + ZgSws- 

Therefore, using the fact that V has zero torsion (see Proposition 13.3611 . 

Sws = [Vss^W- (Vz.^.X) SBs + (Vz,«,,Xo) ds] 

= [Vx(s,)5s,+jfo(s.)dsVF - (Vw(s,)X) SBs + (Vh'(s,)^o) ds] 
- [{Vx,(^,)W ~ Vw(J:^)X^) SBl + (Vxo(s.)W^ - ^w(^,)Xo) ds] 
= {[X,,W] {^s)SBl + [Xo,W]i^s)ds) 



which proves Eq. 

Applying Eq. H8.26|l with W replaced by [Xi, W] implies 

d[z-'[x,,w]{j:s)] = z-'[x„[x,,w]]{j:s)dBi + d[BV]. 
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where BV denotes process of bounded variation. Hence 

z-'[x,,w]{j:s)sbi = z-'[x,,w]{^s)dBi + ^d{z-'[x,,w]iJ:,)}dBi 



= z-^[x,, W]{^s)dBl + -z-^[x,, [X,, w]]{j:s)dBidBi 



= Z-'[X,,W]{^s)dBl + -Z-'[X,, [X,,W]]i^,)ds 
which combined with Eq. (|8.26() proves Eq. H8.27() . ■ 

Proposition 8.15. Let Ts be as in Eq. 1^8.21}} . If Hormander's restricted bracket 
condition holds at a Cz M and v G S is given, there exists i £ {1,2,.. .,71} and an 
open neighborhood U do S of v such that 

sup M I / ' {Z-'X,iJ:r),uf dT<e]^0 . 

ueU \Jo J 

Proof. The proof given here wiU foUow Norris |145j . Hormander's condition 
imphes there exist I G N and /? > such that 

^ K{o)K{oY^- > 3/3/ 

or equivalently put for all u e 5, 

< E < max {K{o),v)\ 

By choosing (5 > in Eq. (|8.21|) sufficiently small we may assume that 
max inf (Z^^ A'(E^), w)^ > 2/3 for aU v e S. 

KeKi T<Ts 

Fix a, V E S and K E ICi such that 

inf {Z-'K{^r),v)' >2P 

T<.Is 

and choose an open neighborhood U d S oi v such that 



inf {Z-'^K{Y.r),u) > /3 for aU u £ U. 

T<Ts 



Then, using Eq. ^J^, 



supy^ 



(^J^ ' pdt<e^ =fi (Ts < e//3) - O (e° 



(8.28) < 

Write K — Lxi^ ■ ■ ■ Lxi^Xi^ with r < /. If it happens that r = 1 then Eq. 
becomes 

s\yp pl{{Ct,u,u) <e) <supii( [ {Z-^Xr,{Y,r),uy dt < e] = O (e"' 
ueu ueu Wo J 

and we are done. So now suppose r > 1 and set 

Kj = Lx, .... Lxi^ Xi^ for j = 1, 2, . . . , r 
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SO that Kr = K. We will now show by (decreasing) induction on j that 

(8.29) supfii [ {Z-^Kj{J:r),u)'^dt<e] ^0{e'^-) . 

ueu \Jo J 

From Proposition 18 . 1 41 wc have 

+ |zrMXo,X,-i](SO + izr^ (Ljc^K.^i) (St)} 
which upon integrating on t gives 



t 

-1 r 



(Zr'i^,-i(St),") = (^j-i(So),m) + / {Z-^[X„Kj^i]{j:r),u)dBl 

Jo 

+ (^Z-'[Xo,K,^i]i^r) + Iz-' {L%K,^,) (E.),1 

Applying Proposition 19 .131 of the appendix with T = Ts, 
Yt (Zr^i^j-i(St),M) , y - (if,-i(So),u) , 

Mt= / (Z7i[X,,/f,_i](E0,w)t^S; and 
Jo 

^ ^ ^Z7i[Xo,/f,_i](S.) + iz^i (L2,^if,-i) (S.),«^dt 

implies 

(8.30) sup ^l {VLi {u) n ^2 (7i)) = O , 

MGI7 



where 



{u) :={ r {Z-^K,^^{^t).uf dt < e" 



^2 (u) 
and g > 4. Since 



J2{Z-'[X^,K,^,]i^r),ufdT>e\ 



sup /i ([r!2 («)]") = sup ( / ' V Xj-i](S.), w)' < e I 

ue£/ «e(7 yjo ~[ J 

<sup/x(/ (Z7^i\:j(S^),u)^dT < e I 



we may applying the induction hypothesis to learn, 

(8.31) sup /z([r!2 (")]') = 0(e°°") 

ueu 
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It now follows from Eqs. (|8.3()(l and (|8.:U(I that 

sup (m)) < sup ^(ill (u) n ^2 (u)) + sup ^(ili (li) n [f22 (m)]^) 

< sup ^(f^i (u) n (m)) + sup ^([ri2 (w)]^) 

= O + O (e°°-) = O (e°°-) , 

i.e. 

supAtf / ' (Z-^ifj_i(Ef),u)^di < 1 =0(e°°-). 

Replacing e by e^/* in the previous equation, using O ^ — 0{e°°^), 

completes the induction argument and hence the proof. ■ 

8.5. More References. The literature on the "Malliavin calculus" is very exten- 
sive and I will not make any attempt at summarizing it here. Let me just add to 
references already mentioned the articles in jl74l 11041 1151j which carry out Malli- 
avin's method in the geometric context of these notes. Also see |148| for another 
method which works if Hormander's bracket condition holds at level 2, namely when 

span({ii:(m) : K e IC2}) = T^M for all m G M, 

see Definition 18. II The reader should also be aware of the deep results of Ben Arous 
and Leandre in PTIITSI ITCl [T^ IT^ . 

9. Appendix: Martingale and SDE Estimates 

In this appendix {Bt t > 0} will denote and R" - valued Brownian motion, 
{Pt '■ t > 0} will be a one dimensional Brownian motion and, unlike in the text, 
we will use the more standard letter P rather than fi to denote the underlying 
probability measure. 

Notation 9.1. When Mt is a martingale and At is a process of bounded variation 
let {M)t be the quadratic variation of M and \A\^ be the total variation of A up to 
time t. 

9.1. Estimates of Wiener Functionals Associated to SDE's. 

Proposition 9.2. Suppose p € [2, 00), Ur and A^ are predictable K'^ and 
Hom(R",M'*) - valued processes respectively and 




\A\' = tr (AA*) = (^^*).^ = E = (^*^) 



^,3 
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Proof. Wc may assume the right side of Eq. H9.2|l is finite for otherwise there 
is nothing to prove. For the moment further assume a = 0. By a standard hmiting 
argument involving stopping times we may further assume there is a non-random 
constant C < oo such that 

fT 

/ \Ar\^dT<C. 

Jo 

Let f{y) = \yf and y := y/ \y\ for y e W^. Then, for a,be R^, 
dafiy) = P \yf^^ y-a^p \y\''^'^ y ■ a 



and 



dbdafiy) =p{p-2) \yr^ {ya)iyb)+p jy^"^ b ■ 



p-2 , 



p\yr'[{p-2) (y-a) {y ■ b) + b ■ a] 



So by Ito's formula 
d\Y,f^d[fiY,)] 



p\Ytr'YfdYt + ^\Ytr' 



[p - 2) (ft ■ dYt) (ft • dYt) + dYt ■ dYt 



Taking expectations of this formula (using 1" is a martingale) then gives 
ft 



(9.3) 



P _P 







Y 



p-2 



{p-2)[Y -dY] [Y -dY] +dY -dY 



Using dY = AdB, 



dY -dY ^ Ae, ■ AejdB'dB^ = e, • A*Aeidt = tT{A*A)dt = \Af dt 



and 



dB'dB^ = {A*Y 



{a*Y ■ (a*Y ■ dt 



= (a*Y ■ A*f) dt = [aA*Y ■Y]dt< dt. 
Putting these results back into Eq. (|9.3|l implies 

El 



\Ytf<l{p-l)j^ E(|nr^|A.|2)dr. 



By Doob's inequality there is a constant Cp (for example Cp 
such that 



p-i 



will work) 



Combining the last two displayed equations implies 

(9.4) E|r;|p<c^ E(|r,|P"'|A,|')dT<CE(^|y;|p-'j^ \Ar\^dT 

Now applying Holder's inequality to the result, with exponents q — p{p — 2) ^ and 
conjugate exponent q' = p/2 gives 

2/p 



|r;r<c[E|r;n- 



E 



lArl'dT 



p/2- 
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or equivalently, using 1 — (p — 2) /p = 2/p, 

(E|y;|P)^/p <c e(^J^ \Ar\^dT 

Taking the 2 /p roots of this equation then shows 
(9.5) E\Y;f < CE (^J^ \Ar\^dT 



p/21 2/p 



p/2 



The general case now follows, since when Y is given as in Eq. we have 



y; < 



ArdBr 



\ar \ dr 



so that 











< 




+ 


/ \ar\dT 






p 


Jo 



< c 



f\Ar\^dT 



p/2 



1 1/P 



E 



dr 



.1 i/p 



and taking the p^^ - power of this equation proves Eq. (|9.2|l . ■ 

Remark 9.3. A slightly different application of Holder's inequality to the right side 
of Eq. (|9.4|l gives 



E 



y;|^~'|A,r dT\<C[ / [¥.\Y:\'']^ [E\ArfY''' dr 



m\Y*n^c 



which leads to the estimate 



'.lArffP dr 



\y;\p<c 



llArff^'dT 



p/2 



Here are some applications of Proposition 

Proposition 9.4. Let {Xi}f^Q be a collection of smooth vector fields on M.^ for 
which D^Xi is bounded for all k > 1 and suppose St denotes the solution to Eq. 
with TiQ = X G M := M.^ and (3 — B. Then for all T < oo and p < oo, 



(9.6) 

Proof. Since 



E(S^)^ := E 



sup I St r 

t<T 



< OO. 



X,{j:t)SB\t) = X,{^t)dB'{t) + -d [X,(St)] • dB\t) 



X,{llt)dB\t) + - {'^t)dt, 



the Ito form of Eq. H5.1|l is 



= 



Xoi^t) + 2 {^x.i^.)X^) (St) 



dt + X,{Y.t)dB\t) with Eq = x, 
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or equivalently, 

Et = a; - 
By Proposition O 



L 



dr. 



p/2 



(9.7) + CpE 

Using the bounds on the derivatives of X we learn 



1 



dT 



|X(S^)r < C l + |S^r and 



<C(1 + |E,|) 



which combined with Eq. (|9.7() gives the estimate 



CI 



Now assuming t < T < oo, we have by Jensen's (or Holder's) inequality that 
E|St|P <E(I]*)^ 



+ C<fE / (l + |E,|)f _ 

+ CT(p-i)E /V + |Sr|)^dr 
Jo 



from which it follows 
(9.8) 



E|Et|P<E(E*)P<C|x|'' + C(r) / (l+E|I],|P)dT. 

Jo 

An application of Gronwall's inequality now shows sup^^y E jEtj^ < oo for allp < oo 
and feeding this back into Eq. H9.8|l with t — T proves Eq. (|9.6() . ■ 

Proposition 9.5. Suppose {Xi}f^Q is a collection of smooth vector fields on AI, 
Sf solves Eq. 1^5. 1\) with Sq = o € M and P = B, Zt is the solution to Eq. 1^5. 5y\) 
(i.e. Zt :~ / /^^T^^) and further assume^ there is a constant K < oo such that 
\\A (ni)ll^p < -^'^ < oo for all m G M, where A (m) G End (TmM) is defined by 



A (to) V :— 



i=l 



^This will always be true when M is compact. 
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l^vX.l < K \v\ for all v G TM. 



Then for all p < oo and T < oo, 



(9.9) 

and 
(9.10) 



E 



sup \Zt\ 
t<T 



< oo 



E [{z. - = O (tP/^) as t i 0. 



Proof. In what follows C will denote a constant depending on T and p. From 
Theorem 15 .431 we know that the integrated Ito form of Eq. (|5.59|) is 

/■* 1 

(9.11) Zt = /t„M + llr^ (V//^,^(.)X) dBr + -All^ZrVdT 

where Ajj^ := //^^A{Y,t) //(. By Proposition 19.21 and the assumed bounds on A 
and V.X, 



■CE 



p/2 



\A//^Zr \ dr 



<C + CE 



\zr\ dr 



p/2 



CE 



t ^ p 

I Zt- I dr 



<C+C ElZrfdT 



and 



(9.12) 



E [{z. - 1)1"] < CE (^J^ \zr\^ dr^ + CE (^J^ \zr\dT^ 
<C-E|z;|^- + 



where we have made use of Holder's (or Jensen's) inequality. Since 



(9.13) 



E\ztf <E{Z*Y <C + C E\ZrfdT, 



Gronwall's inequality implies 



supE[|zt|P] < Ce^-' < C30. 

t<T 

Feeding the last inequality back into Eq. H9.13|l shows Eq. (|9.9|) . Eq. (|9.1U|) now 
follows from Eq. (jH^. and Eq. ^J^. ■ 

Exercise 9.6. Show under the same hypothesis of Proposition 19 . 51 that 



E 



sup 

t<T 



< OO 



for all p, T < oo. Hint: Show ^ satisfies an equation similar to Eq. (|9.11|l with 
coefRcients satisfying the same type of bounds. 
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9.2. Martingale Estimates. This section follows the presentation in Norris jl45j . 

Lemma 9.7 (Reflection Principle). Let be a \ - dimensional Brownian motion 
starting at Q, a > Q and Ta = inf {t > : f3t = a} - be first time (3t hits height a, 
see Figure 031 Then 



P{Ta < t) = 2P{f3t > a) = 





Figure 15. The first hitting time Ta of level a by /3t. 



Proof. Since P(/3t = a) = 0, 

P{Ta <t) = P{Ta <tkl3t>a) + P{Ta <tk(3t<a) 
= P{(it>a) + P{Ta<tk fit<a), 

it suffices to prove 

P{Ta <tkpt<a)^ P{pt > a). 

To do this define a new process (3t by 

f3t for t<Ta 
2a - (it for t > Ta 



(3t = 



(see Figure [T5)l and notice that Pt may also be expressed as 

(9.14) Pt = f3tAT^ - lt>T„(A - AatJ = / (lr<T„ - lr>Tjdpr. 



So pt = Pt for t <Ta and Pt is Pt refiected across the line y ^ a for t >Ta. 
From Eq. H9.14|l it follows that Pt is a martingale and 

(^dPtY = (lr<T„ - U>Tj^dt = dt 

and hence that /3t is another Brownian motion. Since Pt hits level a for the first 
time exactly when pt hits level a, 

Ta-fa:=inf{i>0:/3t=a} 
and ^Ta < ~ • Furthermore (see Figure 

{Ta<tkPt<a}^\^fa<tkPt>a} = {a > a} • 
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Figure 16. The Brownian motion jSt and its reflection Pt about 
the hne y = a. Note that after time Tq, the labeUings of the (3t and 
the l3t could be interchanged and the picture would still be possible. 
This should help alleviate the readers fears that Brownian motion 
has some funny asymmetry after the first hitting of level a. 



Therefore, 

P{Ta <tkPt<a)^ P0t >a)= P{f3t > a) 
which completes the proof. ■ 

Remark 9.8. An alternate way to get a handle on the stopping time Ta is to compute 
its Laplace transform. This can be done by considering the martingale 

Since Mt is bounded by e^"^ for i G [0, Ta] the optional sampling theorem may be 
applied to show 



e 2 



E 



i.e. this implies that E 



,Aa-iA2T„ ^ ^j^j^^ ^ ^^^^ ^ 

g-Aa^ This is equivalent to 

-ATal -aV2X 



E [e-^^»] = e- 



From this point of view one would now have to invert the Laplace transform to get 
the density of the law of Tq. 

Corollary 9.9. Suppose now that T = inf {i > : |/3t| = a} , i.e. the first time (3t 
leaves the strip (—a, a). Then 

4 



P{T <t) < AP{l3t > a) = 



/2TTt J a 



(9.15) 



<min ( W^e-'^'/^M 



Notice that P{T < t) ^ P{f3; > a) where P; = max{|/3^| : t < t} . So Eq. 1103)) 

may be rewritten as 



(9.16) 



P{P*t >a)< 4P(/3t > a) < min ( W-^g-'^'/^t^ ^ ] < 2e-'^'/2t 
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Proof. By definition T ^Tah T-a so that {T <t}^ {Ta < t} U {T_a < t} and 
therefore 

P{T <t) <P{Ta<t)+P {T_a < t) 

= 2P{Ta <t) = AP{l3t > a) = -j= J e-^'/2t^^ 



This proves everything but the very last inequality in Eq. H9.16|l . To prove this 
inequality first observe the elementary calculus inequality: 



(9.17) 



2TTy 



aV2 1 <• 0,-!/'/2 



Indeed Eq. ifHTTjl holds < 2, i.e. if y > yo := 2/^2^. The fact that Eq. (pn7| 
holds for y < yo follows from the following trivial inequality 

1 < 1.4552 = 2e-i = e~yo/^_ 

Finally letting y = a/y/t in Eq. H9.17|l gives the last inequality in Eq. H9.16(l . ■ 

Theorem 9.10. Let N be a continuous martingale such that Nq — and T be a 

stopping time. Then for all e,S > 0, 

P{{N)t <e k N^>5)< P{Pl >5)< 2e-'''/2^ 

Proof. By the Dambis, Dubins & Schwarz's theorem (see p. 174 of |1(J8| ') we 

may write Nt = P{N)t where /9 is a Brownian motion (on a possibly "augmented" 
probability space). Therefore 

{(N)t <e k N^>d}c {13; > 6} 

and hence from Eq. (|9.16() . 

P {{N)t < e & iV* > 5) < P{f3; >S)< 2e-'''/2^ 



Theorem 9.11. Suppose that Yt — Mt + At where Mt is a martingale and At is a 
process of bounded variation which satisfy: Mq = Aq = 0, \A\^ < ct and {M)t < ct 
for some constant c < oo. IfTa '■= inf {< > : jYtl = a} and t < a/2c, then 

P{Y; >a)= P{Ta < t < ^ cxp - — 

Wna V act 



Proof. Since 

Yt* < M* +A*t< M* + \A\^ < M* + ct 

it follows that 

{Yt > a} C {M; > a/2} U {ct > a/2} = {M^ > a/2} 

when t < a/2c. Again by the Dambis, Dubins and Schwarz's theorem (see p. 174 
of |ll)8p . we may write Mt = l3(M)t where /3 is a Brownian motion on a possibly 
augmented probability space. Since 

= max \l3r \ < max|/?^| = 

T<(M)t ~ T<Ct ' 
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we learn 



P{Y: >a)<P (M; > a/2) < P {PI, > a/2) 

-{a/2)^/2ct _ 



< 



< 



Set 



Set 



-(a/2)^/2ct 



IT {a/2)' 

/ 8c(a/2c) („/2)V2ct 



7r(a/2)' 
4 



y 7r(a/2) V™ 
wherein the last inequality we have used the restriction t < a /2c. ■ 

Lemma 9.12. // / : [0,oo) ^ M is a locally absolutely continuous function such 
that f (0) = 0, then 



\f{t)\ < 



L-([0,i]) 



l/ll 



V t > 0. 



Proof. By the fundamental theorem of calculus, 



fit) = 2 / f{T)f{T)dT < 2 



L~([0,t]) 



ll/llLi([0,t]) 



We are now ready for a key result needed in the probabilistic proof of 
Hormander's theorem. Loosely speaking it states that if F is a Brownian semi- 
martinagale, then it can happen only with small probability that the - norm 
of Y is small while the quadratic variation of Y is relatively large. 

Proposition 9.13 (A key martingale inequality). Let T be a stopping time bounded 
by to < cx), Y = y+M+A where M is a continuous martingale and A is a process of 
bounded variation such that Mq — Aq — 0. Further assume, on the set {t < T} , that 
{M)t and \A\^ are absolutely continuous functions and there exists finite positive 
constants, ci and C2, such that 

d{M)t ,d\A\ 
— -— < ci and < C2. 

dt dt 

Then for all v > and q > v + 4: there exists constants c = c(to, (?, i^, Ci, C2) > and 
£0 = £o(^o, 9i ci, C2) > such that 



(9.18) p[^j^yt 



dt < e«, (Y)t = (M)t > £ < 2exp 



1 



2cie'' 



O 



for all e E (0, eo]- 
Proof. Let qo 

(9.19) C, := {{N)t < cie\ N*^ > £*} , 

We will show shortly that for e sufficiently small. 



2 



(so that go G (2,^/2)), N := YdM and 



(9.20) B, 
By an application of Theorem l9.1UI 



1^ Y^dt<e\ {Y)T>e^(ZC, 



-2go 
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and so assuming the validity of Eq. I|9.2()|l 
(9.21) P 



(yj^Y?dt < e\ {Y)t >^< P{C,) < 2cxp (^-^ 

which proves Eq. H9.18|l . So to finish the proof it only remains to verify Eq. (|9.20() 
which will be done by showing O = 0. 

For the rest of the proof, it will be assumed that we are on the set B^OC^. Since 
Wt = /o^irtl'd(M)*, wehave 



(9.22) 

B, n C5 



1^ r/dt<£«, {Y)T>e, \Yt\^d{M)t>cie\ 7V*<e*| 



From Lemma [9. 121 with /(<) ~ {Y)t and the assumption that d{Y)t/dt < ci, 
(9.23) {Y)t < S 



< W 2ci 



{Y)tdt. 



By Ito's formula, the quadratic variation, {Y)t, of Y satisfies 



(9.24) 



(Y)t =Y^ -y^ -2 [ YdY < Y^^ + 2 / YdY 
Jo Jo 



and on the set {t < T} n B^ n 



YdY 



YdM 



YdA 



< \Nt 



\Y\dA 



<iV^, + C2^ \Yr\dT<e''° +C2T^/^j Y^dT 



(9.25) < +C2ty^e''. 

Combining Eqs. and shows, on the set {t < T} n B^ n that 



and using this in Eq. 



{Y)t <Y^ + 2 
implies 



£90 + C2tl,^^e<J 



(9.26) 



< \ 2c 



£9 + 2 



£90 + C2tl^^e1 



to 



dt 



0(£9o) =0(£), 



Hence we may choose Eq = £o (ci, C2, to,q,v) > such that for £ < £o we have 



2ci (^£9 + 2e'Joto + 2c2to/^£9/2^ < £ 

and hence on B^ n we learn e < {Y)t < £ which is absurd. So we must conclude 
that B, n C5 = 0. ■ 
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